
Chapter 2
Encounters With Limits

Mathematics is not an arid land in the scientific universe. It is
simultaneously the queen, maid and daughter of the
observational sciences.

La mathématique ne constitue pas une terre aride dans l’univers
scientifique. Elle est à la fois reine, servante et fille des sciences
de l’observation.

Gustave Choquet (1915–2006)

Abstract The notion of limit is central in analysis. Thus the concept of convergence
is presented in a general framework and then in the classes of topological spaces
and metric spaces. Compactness, connectedness, completeness are studied in detail.
Baire’s Theorem is included as well as Ekeland’s Variational Principle. The
contraction theorem is proved and as an application an existence result for ordinary
differential equations is presented.

The use of limits is the central theme of analysis. A detailed account of the history of
limits and infinitesimals may be found in [28] in the context of nonstandard analysis.
The rules in R, R1 WD R [ fC1g, R WD R[f�1;C1g, C, Rd serve as models
for more general spaces. There are several ways to reach such generalizations.
A first approach consists in selecting some rules for convergence; we evoke it
briefly. A second approach uses some real-valued functions such as metrics, norms
or seminorms in order to reduce convergence in an abstract set to convergence in R.
A third approach consists in introducing topologies, a set theoretical approach that
is particularly versatile; it focusses attention on closed sets, i.e. sets that are stable
when taking limits. However, it is usually formulated in terms of open sets, i.e. sets
whose complements are closed.

The present chapter is devoted to a first glimpse of such approaches. In later
chapters a more detailed study will be undertaken when special structures are at
hand.

As an illustration let us consider the intuitive fact that if we write the letter Q with
a segment that is shorter and shorter this letter “converges” to the letter O: Since
the addresses we write on envelopes are read by machines and since these machines
have a limited resolution, there is some risk that our letter will go to a wrong address
if we are lazier and lazier in drawing the little slanted segment (Fig. 2.1).
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52 2 Encounters With Limits

Fig. 2.1 Deformed letters

2.1 Convergences

The first approach to convergences appeared after the first quarter of the twentieth
century. It is not often used nowadays, even if in some cases it is simpler than a
topological approach (this is the case for pointwise convergence and for the second
example given below). Since the selected rules are prevalent in practice, it is worth
stating them in a formal definition. Let us first recall that a sequence in a set X is
a map s from N to X, hence an element of XN. Setting xn WD s.n/ for n 2 N we
often write .xn/n2N, .xn/n�0 or just .xn/ instead of s. A subsequence of s WD .xn/ is
a sequence s0 WD .x0

n/ of X such that there exists a strictly increasing map k W N !N

satisfying s0 D s ı k, i.e. x0
n D xk.n/. Thus one obtains s0 by deleting some terms of s

and by reindexing the remaining terms.

Definition 2.1 A space with limits is a set X such that a relation denoted by ! is
defined between the sets XN and X and read as .xn/ converges to x or x is a limit of
.xn/, the relation ! being required to satisfy the following properties:

(L1) any constant sequence with value x converges to xI
(L2) if .xn/ ! x, then any subsequence .x0

n/ of .xn/ converges to xI
(L3) if x 2 X and .xn/ 2 XN are such that any subsequence .x0

n/ of .xn/ has a
subsequence .x00

n / converging to x, then .xn/ ! x.

For some needs, it is useful to add a uniqueness condition:

(U) if .xn/ ! x and .xn/ ! x0 then x D x0.

Clearly, the convergences in R, R1, R WD R, C, Rd satisfy these four conditions.

Example If X is the set of real-valued functions on a set S, or, in other terms, if
X D R

S, then pointwise convergence on X is defined by .xn/ ! x if and only if for
all s 2 S one has .xn.s//n ! x.s/ as n ! C1. Here the element x WD .xs/s2S of RS

is identified with the function f W S ! R defined by f .s/ WD xs and is also denoted
by .x.s//s2S.

Example Uniform convergence on the set X of real-valued functions on S is defined

in the following way: . fn/
u! f if and only if for all " > 0 one can find some

n."/ 2 N such that j fn.s/ � f .s/j � " for all n � n."/ and all s 2 S.
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Example Let X be the set of continuous functions on R
d that vanish outside a

bounded subset. Declare that a sequence . fn/ ! f if there exists a bounded subset B
of Rd such that the functions fn and f are null on R

dnB and if the net of restrictions

to B uniformly converges to the restriction of f : . fn j B/
u! f j B. Variants of such a

convergence are used in the theory of distributions.
Sometimes sequences are inadequate and one must replace them with generalized

sequences, also called nets (see Exercise 5). A net in a set X is a map s from a
directed set .I;�/ into X. Setting xi WD s.i/, one also denotes it by .xi/i2I . A subnet
is a net s0 WD .x0

j/j2J such that there exists a filtering map h W J ! I such that
x0

j D xh. j/ for all j 2 J. Note that, in contrast to what occurs for subsequences, one
takes for J a directed set that may differ from I. It is often of the form J WD I � K,
where K is another directed set, or a subset of I � K, h being the first projection or
a restriction of it. In some simple cases one can take for J a cofinal subset of I and
for h the injection of J into I, but that it not always possible. The axioms we select
are the analogues of those of the preceding definition.

Definition 2.2 A convergence space is a set X such that for every directed set I
there is a relation denoted by ! between the set XI of nets of X indexed by I and X
itself in such a way that the following conditions are satisfied:

(C1) for every x 2 X the constant net with value x converges to x;
(C2) if .xi/i2I ! x and if .x0

j/j2J is a subnet of .xi/i2I , then .x0
j/j2J ! x;

(C3) if x 2 X and .xi/i2I is a net in X such that for every subnet .x0
j/j2J of .xi/i2I

there exists a subnet .x00
k /k2K of .x0

j/j2J that converges to x, then .xi/i2I ! x.

The preceding examples can be adapted to convergence spaces.
A map f W X ! Y between two convergent spaces is said to be continuous at

x 2 X if for any net .xi/i2I converging to x the net . f .xi//i2I converges to f .x/. It is
continuous on some subset A of X if for all x 2 A it is continuous at x.

If .W;!/ is a convergence space and if X is a subset of W, the induced
convergence on X is defined by .xi/i2I !X x if .xi/2I ! x in W. It is easy to
verify that the conditions (C1)–(C3) are satisfied and that a map f W V ! X from a
convergence space .V;!V/ into .X;!X/ is continuous at v 2 V if and only if f is
continuous at v when considered as a map from V into W.

If .Xa/a2A is a family of convergence spaces, the product X WD Q
a2A Xa is made

a convergence space by requiring that a net .xi/i2I ! x if for all a 2 A the a-
component . pa.xi// ! pa.x/. Then, a map f W W ! X from a convergence space W
to X is continuous at w 2 W if and only if for all a 2 A the a-component fa WD pa ı f
is continuous at w.

The lower limit (resp. upper limit) of a net .ri/i2I of real numbers is defined by

lim inf
i2I

ri WD sup
h2I

inf
i2I; i�h

ri (resp. lim sup
i2I

ri WD inf
h2I

sup
i2I; i�h

ri)

These substitutes for the limit always exist in R WD R [ f�1;C1g.
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Whereas it is useful to evoke the use of limits, the two concepts of limit spaces
and of convergence spaces are not of great use in the present state of analysis. So,
in the next sections we turn to other means of dealing with limits.

Exercises

1. Given a net .ri/i2I of real numbers, show that there exist subnets .sj/j2J and
.tk/k2K such that lim supi2I ri D limj2J sj and lim infi2I ri D limk2K tk.

2. Given a net .ri/i2I of real numbers, show that for any subnet .qh/h2H of .ri/i2I

that converges one has lim infi2I ri � limh2H qh � lim supi2I ri.
3. Define pointwise convergence of nets for functions from a set S into a

convergence space .X;!/ and verify conditions (C1)–(C3). Do the same for
uniform convergence of functions with values in R

d.
4. Let X be the set of real-valued continuous functions on R

d that vanish outside
a bounded subset. Declare that a net . fi/ ! f if there exist a bounded subset B
of Rd and some i 2 I such that for all i � i in I the functions fi and f are null on
R

dnB and if the net of restrictions to B uniformly converges to the restriction of

f : . fi j B/
u! f j B. Verify conditions (C1)–(C3).

5. (Sequences do not suffice). Let S be an infinite uncountable set and let X be
the set of real-valued functions on S equipped with pointwise convergence. Let
Y be the subset of X formed by those f 2 X that are null off a finite subset.
Show that Y is dense in X in the sense that every f 2 X is the limit of a net
. fi/i2I of Y. Verify that if f 2 X is the limit of a sequence . fn/n2N of Y, then the
set Sf WD fs 2 S W f .s/ ¤ 0g is countable. Deduce from this the fact that the
sequential closure of Y, i.e. the set of limits of sequences in Y, is different from
its closure X.

6. Using the notion of topology displayed in the next section, define a convergence
! on a topological space .X;O/ by setting .xi/i2I ! x if for any O 2 O there
exists some h 2 I such that xi 2 O for all i 2 I satisfying i � h.

7. Conversely, associate to any convergence space .X;!/ a topology O by taking
for O the set of subsets O of X such that for any x 2 O and any net .xi/i2I ! x
one has xi 2 O whenever i � h for some h 2 I. Verify the assumptions (O1),
(O2) of the next definition. Prove that the convergence ! is stronger than (i.e.
implies) the convergence !O associated with the topology O. Show that for
any map f W X ! Y with values in a topological space .Y;OY / the map f
is continuous from .X;O/ into .Y;OY/ if and only if f is continuous for the
convergence ! on X and the convergence associated with the topology of Y.

8�. Find an additional condition on a convergence in order that it is the convergence
associated with a topology. [See [174].]
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2.2 Topologies

The success of topology is due to two features: first, convergences are defined
through an intuitive notion of neighborhoods for each point; second, the formalism
and the rules of set theory can be used efficiently.

2.2.1 General Facts About Topologies

A topology on a set X is obtained by selecting a family of subsets called the family of
closed subsets having some stability property. Equivalently, one usually introduces
topologies by considering the family of complements of closed sets. These sets are
called open sets.

Definition 2.3 A topology on a set X is the data comprising a family O of so-called
open subsets that satisfies the following two requirements:

(O1) the union of any subfamily of O belongs to OI
(O2) the intersection of any finite subfamily of O belongs to O.

By convention, we admit that these two conditions include the requirements that
X and the empty set ¿ belong to O. A topological space .X;O/ is also denoted by
X if the choice of the topology O is unambiguous. A subset F of X is declared to be
closed if XnF belongs to O.

Exercise Give conditions characterizing the family of closed (resp. open) subsets
of a topological space in terms of nets for the convergence associated to O defined
in Exercise 6 of the preceding section and reminded a few lines below.

A subset V of a topological space .X;O/ is a neighborhood of some x 2 X if
there exists some U 2 O such that x 2 U � V . For x 2 X we denote by N .x/
the family of neighborhoods of x. The topology O is determined by .N .x//x2X , as
shown by the exercises: O is open iff for all x 2 O one has O 2 N .x/.

To any topology on X one can associate a convergence ! by setting:

..xi/i2I ! x/ ” .8 V 2 N .x/ 9 iV 2 I W i 2 I; i � iV ) xi 2 V/ :

When a limit is unique one also writes x D limi2I xi.

Exercise Verify that the conditions (C1), (C2), (C3) are satisfied. Moreover, a
subset C of X is closed if and only if for any net .xi/i2I of C and any x 2 X satisfying
.xi/i2I ! x one has x 2 C.

Definition 2.4 A map f W .X;O/ ! .X0;O0/ between two topological spaces is
said to be continuous at x 2 X if for any V 0 2 N . f .x// there exists some V 2 N .x/
such that f .V/ � V 0. The map f is said to be continuous on some subset A of X if it
is continuous at all x 2 A.
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The definition of continuity of f at x is natural: in order that f .x/ be close enough
to f .x/ it suffices to take x close enough to x. However, one has to remember that in
this condition, the neighborhood V 0 of f .x/ should be prescribed first. Continuity
of f at x can be expressed by requiring that for any V 0 2 N . f .x// one has
f �1.V 0/ 2 N .x/.

Exercise Show that f W X ! X0 is continuous (on X) if and only if for all O0 2 O0
its inverse image f �1.O0/ WD fx 2 X W f .x/ 2 O0g belongs to O.

The composition of two continuous maps is clearly continuous.
A bijection that is continuous and whose inverse is continuous is called a

homeomorphism. Topology is the study of properties that are preserved under
homeomorphisms.

A topology O0 on X is said to be weaker than a topology O if the identity map
IX W .X;O/ ! .X;O0/ is continuous, i.e. if any member of O0 is in O, i.e. if O0� O.
One also says that O is finer or stronger than O0.

Example On a set X there is a topology that is weaker than any other one, the
rough topology: its family of open sets is OR WD f¿; Xg. There is a topology that
is finer than any other one, the discrete topology, for which any subset is open:
OD WD P.X/.

Given a family G of subsets of a set X, there is a topology O on X that is the
weakest among those containing G. It is obtained as the intersection of the family
of topologies Oi satisfying G � Oi. Then one says that G generates O. If B � O is
such that any element of O is a union of elements of B, one says that B is a base of
O. It is easy to verify that when G generates O, the family B of finite intersections of
elements of G is a base of O. A family U of subsets of X is a base of neighborhoods
of x if U is contained in the family N .x/ of neighborhoods of x and if for any
V 2 N .x/ there exists some U 2 U such that U � V . Given B � O, we see that B
is a base of O if and only if for all x 2 X, B.x/ WD fU 2 B W x 2 Ug is a base of
neighborhoods of x.

The notion of continuity can be localized by using neighborhood bases. A map
f W .X;O/ ! .X0;O0/ is continuous at x 2 X if for any neighborhood W in
some neighborhood base of f .x/ in .X0;O0/ there exists some V 2 N .x/ such that
f .V/ � W.

Given a set X, a family .Xa;Oa/a2A of topological spaces, and a family .ga/a2A of
maps ga W X ! Xa, among all the topologies on X for which all ga are continuous,
there is one that is weaker than any other. It is the topology OX generated by the sets
g�1

a .Ga/ for a 2 A and Ga 2 Oa. It is easy to verify that a map f W W ! X from
a topological space .W;OW / into X is continuous with respect to OX if and only if
ga ı f W W ! Xa is continuous for all a 2 A. When X is the product˘a2AXa and ga is
the canonical projection, the topology OX is called the product topology. When X is
a subset of a topological space .Y;OY / and one considers for the family .ga/a2A the
sole canonical injection j W X ! Y one says that OX is the induced topology. Then
O � X belongs to OX if and only if there exists some G 2 OY such that O D G \ X.
It is easy to verify that the associated convergence to OX is the induced convergence.
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Besides the notion of limit associated with a topology O on X, one disposes of a
weaker notion. One says that a net .xi/i2I of X has a cluster point x 2 X if for any
V 2 N .x/ and any i 2 I one can find some j 2 I such that j � i and xj 2 V .

One can show that x 2 X is a cluster point of .xi/i2I if and only if there exists a
subnet of .xi/i2I that converges to x. The if condition is immediate. For the necessary
condition one can take J WD f.i;V/ 2 I�N .x/ W xi 2 Vg, a cofinal subset of I�N .x/
for the product order, and define h W J ! I by h.i;V/ WD i.

A topologyO on a set X is said to be Hausdorff if for every pair .x; x0/ of distinct
points of X one can find neighborhoods V 2 N .x/, V 0 2 N .x0/ that are disjoint.
This property is equivalent to uniqueness of limits of nets.

Proposition 2.1 A topology O on a set X is Hausdorff if and only if all nets in X
have at most one limit. In fact, if O is Hausdorff and if a net .xi/i2I of X has a limit
x, it cannot have a different cluster point.

Proof Suppose O is Hausdorff and a net .xi/i2I of X has a limit x and a cluster point
y ¤ x. Let V 2 N .x/, W 2 N .y/ be such that V \ W D ¿. By definition, there
exists an iV 2 I such that xi 2 V for all i � iV . Thus one cannot find some j � iV
such that xj 2 W, contradicting the assumption that y is a cluster point of .xi/i2I .

Now suppose O is not Hausdorff: there exists a pair .x; y/ of distinct points of X
such that for any V 2 N .x/, W 2 N .y/ one has V \W ¤ ¿. Denoting N .x/�N .y/
by I and giving to I the order opposite to inclusion, for i WD .V;W/ 2 I one can pick
xi 2 V \ W. Then the net .xi/i2I converges to x and to y. ut
Corollary 2.1 In a Hausdorff topological space .X;O/ finite subsets, in particular
singletons, are closed.

Proof It suffices to show that a singleton S WD fxg is closed. If y 2 XnS one can find
V 2 N .x/ and W 2 N .y/ that are disjoint. Then W is contained in XnS. This proves
that XnS is open and S is closed. ut

A topologyO on X is uniquely determined by its associated convergence for nets:
a subset C of X is closed if and only if it contains the limits of its convergent nets.
In general O is not determined by the convergence of sequences. The following
proposition shows that nets may be convenient. It also shows that continuity in
topological spaces coincides with continuity for the induced convergence spaces.

Proposition 2.2 A map f W X ! Y between two topological spaces is continuous
at x 2 X if and only if for any net .xi/i2I of X converging to x, the net . f .xi//i2I

converges to f .x/.
When N .x/ has a countable base sequences can be used instead of nets.

Proof Necessity is immediate. Let us show sufficiency. Suppose f is not continuous
at x. Then, there exists a V 2 N . f .x// such that for all U 2 N .x/ there exists some
xU 2 U with f .xU/ … V . Then, the net .xU/U2N .x/ ! x but . f .xU//U2N .x/ does not
converge to f .x/. ut

The closure cl.S/ of a subset S of a topological space .X;O/ is the intersection
of the family of all closed subsets of X containing S. It is clearly the smallest closed
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subset of .X;O/ containing S. The interior int.S/ of S is the union of all the open
subsets of .X;O/ contained in S. It is the largest open subset of X contained in S.
Thus int.S/ D Xncl.XnS/. The boundary or frontier of S is bdry.S/ WD cl.S/nint.S/.

Exercise Prove that the closure cl.S/ of a subset S of a topological space .X;O/ is
the set of limits of nets of S that converge in X.

Proposition 2.3 The closure cl.S/ of a subset S of a topological space .X;O/ is the
set of points x 2 X such that for any neighborhood V of x one has S \ V ¤ ¿.

Proof If x 2 Xncl.S/ there exists some closed set C containing S such that x 2 XnC.
Then V WD XnC is an open neighborhood of x and S \ V D ¿. Conversely, if
for some V 2 N .x/ one has S \ V D ¿, taking some open subset U satisfying
x 2 U � V we see that C WD XnU is a closed subset containing S (since U � V and
S \ V D ¿) and x … C, hence x … cl.S/. ut
Corollary 2.2 A point x of a topological space .X;O/ is a cluster point of a net
.xi/i2I of X if x 2 \i2ICi, where Ci WD cl.fxj W j 2 I; j � ig/.
Proof This follows from the fact that x is a cluster point of .xi/i2I if and only if for
all i 2 I and all V 2 N .x/ one has V \ fxj W j 2 I; j � ig ¤ ¿. ut

A subset D of .X;O/ is said to be dense in a subset E of X if D � E and if E
is contained in the closure of D. A topological space is said to be separable if it
contains a countable dense subset.

Example Given a directed set .I;�/, let I1 WD I [ f1g, where 1 is an additional
element satisfying i � 1 for all i 2 I. Then one can endow I1 with the topology O
defined by G 2 O if either G is contained in I, else if there exists some h 2 I such
that i 2 G for all i 2 I1 such that i � h. Thus I is dense in I1. Given a topological
space .X;O/, x 2 X and a net .xi/i2I of X, one easily checks that .xi/i2I ! x if and
only if the map f W I1 ! X given by f .i/ WD xi, f .1/ WD x is continuous at 1.

Definition 2.5 Given two topological spaces .W;O/, .X0;O0/, a subset X of W and
w 2 cl.X/, one says that f W X ! X0 has a limit x0 as x !X w (i.e. x ! w with
x 2 X), or that f converges to x0 as x !X w and one writes x0 D limx!Xw f .x/, if for
any V 0 2 N .x0/ there exists some V 2 N .w/ such that f .V \ X/ � V 0.

Thus f converges to x0 as x !X w iff for any net .xi/i2I of X satisfying .xi/i2I ! w
in W one has . f .xi//i2I ! x0 in X0. If X D W, one just writes x0 D limx!w f .x/.
Thus, f is continuous at w if and only if f has the limit f .w/ as x ! w. We invite
the reader to verify that the notion .xn/ ! 0C in R (i.e. .xn/ ! 0 and xn > 0 for
all n 2 N/ corresponds to the case when W WD R, X WD P, the set of positive real
numbers.

The preceding definition is a special case of a more general concept. Given
another map g W X ! Y with values in another topological space .Y;G/ and some
y 2 Y, one says that f has a limit x0 as g.x/ ! y, or that f converges to x0 as g.x/ ! y
and one writes x0 D limg.x/!y f .x/, if for any V 0 2 N .x0/ there exists a W 2 N .y/
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such that f .x/ 2 V 0 for all x 2 g�1.W/. Taking for g the canonical injection of X
into .Y;G/ WD .W;O/, one recovers the preceding notion of limit.

The next result is often used for uniqueness purposes.

Proposition 2.4 Let .W;O/, .X0;O0/ be two topological spaces, let X be a dense
subset of W and let f , g W W ! X0 be two continuous maps. If the restrictions of f
and g to X coincide, then f and g coincide.

Proof The set Z WD fw 2 W W f .w/ D g.w/g is a closed subset of W containing X.
Since X is dense in W, we have Z D W since W D cl.X/ � Z. ut

Exercises

1. Let f W R ! R be a map such that f .r C s/ D f .r/C f .s/ for all r, s 2 R. Show
that f .q/ D qf .1/ for all q 2 Q. Prove that f is linear over R when moreover f is
continuous or monotone.

2. Write the alphabet with capital letters and decide which letters are mutually
homeomorphic.

3. Let .X;O/ be a Hausdorff topological space and let f W X ! X be a continuous
map. Show that the set F WD fx 2 X W f .x/ D xg is closed in X.

4. Let .X;OX/, .Y;OX/ be topological spaces and let f W X ! Y be a continuous
map. Show that the set G WD f.x; y/ 2 X � Y W y D f .x/g is homeomrphic to X.

5. Show that a topological space .X;O/ is Hausdorff if and only if the diagonal
�X WD f.x; x0/ 2 X2 W x D x0g is closed in X2.

6. Let X and Y be topological spaces, let f W X ! Y and let .Xi/i2I be a covering of
X, i.e. a family of subsets of X whose union is X. Suppose the restriction fi of f
to Xi is continuous. Show that if every Xi is open, then f is continuous.

7. With the notation of the preceding exercise, suppose that I is finite and that every
Xi is closed. Show that f is continuous if every fi is continuous. Give an example
showing that the assumption that I is finite cannot be dropped. Give an example
showing that the assumption that every Xi is closed cannot be dropped.

8. Let X and Y be topological spaces, let s 2 X, and let f W X � Y ! R be separately
continuous (i.e. f is continuous in each of its two variables). For a subset T of
Y let

Vs.T/ WD fx 2 X W f .x; s/ � f .x; t/ 8t 2 Tg

with Vs.¿/ WD X be the Voronoi cell associated with s and T as in Exercise
17 of Sect. 1.1. Show that Vs.T/ is closed and that Vs.cl.T// D Vs.T/ for each
T 2 P.Y/.



60 2 Encounters With Limits

2.2.2 Connectedness

It is sometimes useful to know that a space is not made of several pieces: this can be
used to globalize some properties or for uniqueness results. For example, if X is an
open subset of R and if f W X ! R is a differentiable function whose derivative is
0 we cannot conclude that f is constant because X can be the union of disjoint open
intervals. We must give a precise definition.

Definition 2.6 A topological space .X;O/ is said to be connected if ¿ and X are
the only subsets of X that are both open and closed.

The space .X;O/ is arcwise connected if any two points x0, x1 of X can be joined
by a continuous arc, i.e. if for any x0, x1 there is a continuous map c W Œ0; 1� ! X
such that c.0/ D x0, c.1/ D x1.

Connectedness is a more important notion than arcwise connectedness, but the
latter is more intuitive and the proofs of several propositions below for arcwise
connectedness are very easy. The reader is invited to verify this assertion. The
definition of connectedness can be rephrased by saying that X is connected if any
partition of X into two open subsets is improper, i.e. if one of the subsets is empty
and the other one is the whole space, a partition of X being a covering by disjoint
subsets. The reader must be aware that there are topological spaces that are not
connected; in such a space, showing that a subset is not closed does not prove that
it is open (a frequent mistake). For instance, if X is the union of two open disjoint
intervals A, B of R, A and B are also closed in X since their complements are open.

Example A bounded, closed interval X WD Œa; b� of R is connected (with respect
to the induced topology). To prove this, let us consider a nonempty subset C of X
that is both open and closed and let us show that C D X. We may suppose a 2 C
(otherwise we consider C0 WD XnC). Let s WD sup T with T WD ft 2 X W Œa; t� � Cg.
Since C is open in X we have s > a. Moreover, s 2 T since there exists a sequence
.tn/ of T � C converging to s so that Œa; sŒD [nŒa; tnŒ� C and since C is closed we
have Œa; s� � C. Let us show that assuming s < b leads to a contradiction. Since C is
open in X and s 2 C, we can find " > 0 such that s C " � b and Œs; s C "� � C. Then
since s 2 T we get Œa; s C "� D Œa; s� [ Œs; s C "� � CI this means that s C " 2 T,
contradicting the definition of s.

It follows from Proposition 2.7 below that any interval of R is connected. ut
The use of connectedness for existence results is illustrated by the following

properties. The second one is often called the Intermediate Value Theorem.

Proposition 2.5 (Customs Lemma) Let C be a connected subset of a topological
space .X;O/ and let S be a subset of X. If C\int.S/ and C\.Xncl.S// are nonempty,
then C contains some point of the boundary of S (Fig. 2.2).
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Fig. 2.2 The customs lemma

Fig. 2.3 The Daisy property

Proof If, on the contrary, C does not meet the boundary of S then C is the union of
the two disjoint sets C \ int.S/ and C \ .Xncl.S//, contradicting the connectedness
of C. ut
Proposition 2.6 (Bolzano) Let .X;O/ be a connected topological space and let
f W X ! R be a continuous map. Let a < b < c in R be such that a 2 f .X/,
c 2 f .X/. Then there exists some x 2 X such that f .x/ D b.

Proof If f �1.b/ D ¿, the sets f �1.� � 1; bŒ/ and f �1.�b;C1Œ/ form a partition of
X into two open subsets, an impossibility if X is connected. ut

The following property can be used as a convenient criterion (Fig. 2.3).
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Fig. 2.4 The Comb or Rake property

Proposition 2.7 (The Daisy Property) Let .X;O/ be a topological space that is
the union of a family .Xi/i2I of connected subspaces. If \i2IXi is nonempty, then X
is connected.

Proof Let x 2 \i2IXi. Let C be a subset of X that is closed and open. Changing C
into XnC we may suppose x 2 C. Then C \ Xi is open and closed in Xi and contains
x. Since Xi is connected, we have C \ Xi D Xi. Thus C 
 Xi for all i 2 I, hence
C D X. ut

A slight refinement can be given (Fig. 2.4).

Corollary 2.3 (The Comb or Rake Property) Let .X;O/ be a topological space
that is the union of a family .Xi/i2I of connected subspaces. If there is some
nonempty connected subspace Y of X such that Xi \ Y ¤ ¿ for all i 2 I, X is
connected.

Proof Set Yi WD Xi [ Y. Then, by the preceding proposition, Yi is connected. Since
X D [i2IYi and \i2IYi contains Y ¤ ¿, then X is connected. ut
Proposition 2.8 A product of two connected spaces is connected.

Proof Let Z WD X � Y, the spaces X, Y being connected and nonempty. Let x0 2 X.
Then Y0 WD fx0g � Y is homeomorphic to Y, hence is connected and for all y 2 Y
the subspace Xy WD X � fyg is connected and meets Y0 as .x0; y/ 2 Xy \ Y0. Since
Z D [y2YXy, Z is connected by the rake property (2.3).

Now let us consider the general case of an arbitrary product X WD Q
i2I Xi of

connected spaces. Given two nonempty open subsets, A, B of X satisfying A[B D X,
the construction of the product topology ensures that there exist a finite subset J of I
and open subsets AJ , BJ of XJ WD Q

j2J Xj such that A D AJ �XInJ and B D BJ �XInJ .
Then AJ [ BJ D XJ . Since XJ is connected in view of the first part of the proof and
of an induction, we have AJ \ BJ ¤ ¿. Thus A \ B ¤ ¿ and X is connected. ut

The preceding proof used the obvious fact that when two topological spaces are
homeomorphic, both are connected when one of them is connected. This fact is
also a consequence in a more general property that is obviously valid for arcwise
connectedness.
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Proposition 2.9 Let .X;OX/, .Y;OY / be two topological spaces and let f W X ! Y
be continuous. If X is connected, then f .X/ is connected with respect to the induced
topology.

Proof There is no loss of generality in assuming f .X/ D Y. Then, if G 2 OY

is nonempty, open and closed, then so is f �1.G/. Since X is connected we have
f �1.G/ D X, hence G D f . f �1.G// D f .X/ D Y. ut
Corollary 2.4 An arcwise connected space is connected.

Proof Let .X;O/ be an arcwise connected space and let x0 2 X. By definition, for
all x 2 X there exists a continuous map fx W Œ0; 1� ! X such that fx.0/ D x0 and
fx.1/ D x1. Since Cx WD fx.Œ0; 1�/ is connected and since X D [x2XCx with x0 2 Cx

for all x, X is connected. ut
Given a topological space .X;O/ and x 2 X, Proposition 2.7 implies that the

union C.x/ of all connected subsets of X containing x is connected. It is clearly the
largest connected subset containing x. Moreover, X can be split into a partition of
connected subsets called the connected components of X by taking those C.x/ that
are disjoint (note that if C.x/ \ C.x0/ ¤ ¿ then C.x/ D C.x0/). It follows from
Exercise 1 below that the connected components of X are closed subsets.

A topological space .X;O/ is said to be locally connected if every point of X has
a base of neighborhoods formed by connected sets. Clearly R is locally connected,
but Q and RnQ are not locally connected. It is easy to show that a space is locally
connected if and only if the connected components of any open subset are open.

Exercises

1. Let A and B be two subsets of a topological space .X;O/ such that A � B �
cl.A/. Show that B is connected whenever A is connected. Deduce from this that
cl.A/ is connected and that any connected component of X is closed.

2. Let .X;O/ be a topological space such that X is the union of a sequence .Xn/n
of connected subsets satisfying Xn \ XnC1 ¤ ¿ for all n 2 N. Show that X is
connected.

3. Show that the connected subsets of R are the intervals.
4. Prove that any open subset of R is the union of a finite or countable family of

disjoint open intervals.
5. Verify that a topological space .X;O/ is connected if and only if any continuous

map f W X ! Z is constant.
6. Let A and B be two nonempty closed subsets of a topological space. Show that

if A \ B and A [ B are connected, then A and B are connected. Show by an
example of two subsets of R that the assumption that A and B are closed cannot
be omitted.

7. Let G WD f.r; sin.1=r// W r 2�0; 1�g and let X be its closure in R
2. Prove that X is

connected but that X is not arcwise connected and not locally connected.
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2.2.3 Lower Semicontinuity

In order to deal with minimization problems, one may use a one-sided weakening
of continuity when a continuity assumption is not realistic. A precise definition is as
follows.

Definition 2.7 A function f W X ! R WD R [ f�1;C1g on a topological space
X is said to be lower semicontinuous (l.s.c.) at some x 2 X if for every real number
r < f .x/ there exists some member V of the family N .x/ of neighborhoods of x
such that r < f .v/ for all v 2 V . A function f is upper semicontinuous (u.s.c.) at x
whenever �f is l.s.c. at x.

The function f is said to be lower semicontinuous (l.s.c.) on some subset S of X
if f is lower semicontinuous at each point of S.

We observe f is automatically l.s.c. at x when f .x/ D �1I when f .x/ D C1
the lower semicontinuity of f means that the values of f can be as large as required
provided one remains in a small enough neighborhood of x. When f .x/ is finite the
definition amounts to assigning to any " > 0 a neighborhood V" of x such that
f .v/ > f .x/� " for each v 2 V". Thus, lower semicontinuity allows sudden upward
changes of the value of f but excludes sudden downward changes. Obviously, f is
continuous at x iff it is both l.s.c. and u.s.c. at x.

Example The function f W R ! R given by f .x/ D 1 for x < 0, f .x/ D 0 for
x 2 RC is l.s.c. but not continuous at 0.

Example The indicator function �A of a subset A of X, defined by �A.x/ D 0 for
x 2 A, �A.x/ D C1 for x 2 XnA is l.s.c. if and only if, A is closed, as is easily seen.
Such a function is of great use in optimization theory and nonsmooth analysis.

Example The characteristic function 1A of a subset A of X, defined by 1A.x/ D 1

for x 2 A, 1A.x/ D 0 for x 2 XnA is l.s.c. if and only if, A is open. Such a function
is of primary importance in integration theory.

Example The Length Function Given a metric space .M; d/, let X WD C.T;M/ be
the space of continuous maps (curves or arcs of M) from T WD Œ0; 1� to M. Given a
subdivision � WD ft0 D 0 < t1 < : : : < tn D 1g of T, let us set for x 2 X

`� .x/ WD
nX

iD1
d.x.ti�1/; x.ti//;

and let `.x/ be the supremum of `� .x/ as � varies in the set of finite subdivisions
of T. The properties devised below yield that ` is l.s.c. when X is endowed with the
topology of uniform convergence (and even when X is endowed with the topology
of pointwise convergence). However ` is not continuous: one can increase ` by
following a nearby curve which makes many small changes (a fact any dog knows,
when tied with a lease). Details are given in Exercise 3 below.

The following characterizations are global ones.
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Proposition 2.10 For a function f W X ! R the following assertions are
equivalent:

(a) f is l.s.c.;
(b) the epigraph E WD f.x; r/ 2 X � R W r � f .x/g of f is closed;
(c) for each s 2 R the sublevel set S.s/ WD fx 2 X W f .x/ � sg is closed.

Proof (a))(b) It suffices to prove that .X � R/ nE is open when f is l.s.c. Given
.x; r/ 2 .X � R/ nE, i.e. such that r < f .x/, for any r 2� r; f .x/ Œ one can find a
neighborhood V of x such that r < f .v/ for all v 2 V . Then V�� � 1; rŒ is a
neighborhood of .x; r/ in X � R which does not meet E. Hence .X � R/ nE is open.

(b))(c) It suffices to observe that for each s 2 R one has S.s/ � fsg D E \
.X � fsg/.

(c))(a) Given x 2 X and r 2 R such that r < f .x/ one has x 2 XnS.r/ which is
open and for all v 2 V WD XnS.r/ one has r < f .v/. ut

The notion of lower semicontinuity is intimately tied to the concept of lower limit
(denoted by liminf), which is a one-sided concept of limit which can be used even
when there is no limit. In the following definition we assume X is a subspace of a
larger space W, w 2 cl.X/ (a situation which will be encountered later, for instance
when X D P WD�0;1Œ, W D R and w D 0) and we denote by N .w/ the family of
neighborhoods of the point w in W.

Definition 2.8 Given a topological space W, a subspace X and a point w in the
closure of X, the lower limit of a function f W X ! R at w is the extended real
number

lim inf
x!Xw

f .x/ WD sup
V2N .w/

inf
v2V\X

f .v/:

Setting mV WD inf f .V \ X/, the supremum over V 2 N .w/ of the family .mV/V
can also be considered as the limit of the net .mV/V ; this explains the terminology.
One can show that supV mV is also the least cluster point of f .x/ as x ! w in X.
When W is metrizable, one can replace the family N .w/ by the family of balls
centered at w, so that lim infx!w f .x/ D supr>0 mr, with mr WD inf f .B.w; r/\ X/, is
the limit of a sequence.

Exercise Deduce from the preceding that the lower limit of a function f W X ! R

at w is the least of the limits of the converging nets . f .xi//i2I where .xi/i2I is a net
in X converging to w.

Lower semicontinuity can be characterized using the notion of lower limit (here
W D X).

Lemma 2.1 A function f W X ! R on a topological space X is l.s.c. at some w 2 X
iff one has f .w/ � lim infx!w f .x/.

Proof Clearly, when f is l.s.c. at w, one has f .w/ � lim infx!w f .x/. Conversely,
when this inequality holds, for any r < f .w/, by the definition of the supremum
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over N .w/, one can find V 2 N .w/ such that r < infv2V f .v/, so that f is
l.s.c. at w. ut

One can also use nets for such a characterization.

Lemma 2.2 A function f W X ! R on a topological space X is l.s.c. at some x 2 X
iff for any net .xi/i2I in X converging to x one has f .x/ � lim infi2I f .xi/. When x
has a countable base of neighborhoods, one can replace nets by sequences in that
characterization.

Proof The condition is necessary: if a net .xi/i2I in X converges to x, for any r < f .x/
there exists some V 2 N .x/ such that f .v/ > r for all v 2 V , and there exists some
h 2 I such that xi 2 V for i � h, so that infi�h f .xi/ � r, hence lim infi2I f .xi/ �
infi�h f .xi/ � r.

Conversely, suppose f is not l.s.c. at x and let .Vi/i2I be a base of neighborhoods
of x W there exists some r < f .x/ such that for any i 2 I there exists some xi 2 Vi

such that f .xi/ < r. Ordering I by j � i if Vj � Vi, we get a net .xi/i2I which
converges to x and is such that lim infi2I f .xi/ � r.

The second assertion follows from the fact that when x has a countable base of
neighborhoods, one can take a decreasing sequence of neighborhoods for a base.

ut
Let us give some useful calculus rules (with the convention 0r D 0 for all r 2 R).

Exercise For any ˛ 2 RC and f W X ! R one has lim infx!x ˛f .x/ D
˛ lim infx!x f .x/.

Exercise If f ; g W X ! R are such that flim infx!x f .x/; lim infx!x g.x/g ¤
f�1;C1g, then

lim inf
x!x

. f C g/.x/ � lim inf
x!x

f .x/C lim inf
x!x

g.x/:

The family of lower semicontinuous functions enjoys stability properties.

Proposition 2.11 If . fi/i2I is a family of functions which are l.s.c. at x, then the
function f WD supi2I fi is l.s.c. at x.

For any ˛ 2 RC and f , g which are l.s.c. at x, the functions inf. f ; g/ and ˛f
are l.s.c. at xI the same is true for f C g provided ff .x/; g.x/g ¤ f�1;C1g. If
moreover f and g are nonnegative, then fg is l.s.c. at x.

If f W X ! R is finite and l.s.c. at x and if g W R ! R is nondecreasing and l.s.c.
at f .x/, then g ı f is l.s.c. at x.

One may observe that in the first assertion one cannot replace lower semiconti-
nuity by continuity, as shown by the above example of arc length.

Proof Let r 2 R be such that r < f .x/. There exists some j 2 I such that r < fj.x/,
hence one can find some V 2 N .x/ such that r < fj.v/ � f .v/ for all v 2 V . The
proofs of the other assertions are also straightforward or follow from the preceding
lemma. ut
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Proposition 2.12 For any function f W X ! R on a topological space X, the
family of l.s.c. functions majorized by f has a greatest element Nf called the lower
semicontinuous hull of f (in short, the l.s.c. hull of f ). Its epigraph is the intersection
with X � R of the closure cl.epi f / of the epigraph of f in X � R. The function Nf is
given by

Nf .x/ D lim inf
u!x

f .u/ D sup
U2N .x/

inf
u2U

f .u/:

Proof The first assertion is a direct consequence in Proposition 2.11. The second
assertion easily stems from the fact that setting g.x/ D minfr W .x; r/ 2
cl.epi f /g one defines a lower semicontinuous function that is the greatest lower
semicontinuous function majorized by f . The proof of the explicit expression of Nf is
left as an exercise. ut

The treatment of the following example requires the knowledge of some material
in integration theory to be found in Sects. 7.4 and 8.5. Its importance justifies its
presence here.

Example Let E be a Banach space, let .S;S; �/ be a measure space and let L W
E � S ! R be a measurable function such that for a null set N in S the function
Ls W e 7! L.e; s/ is lower semicontinuous whenever s 2 SnN. Suppose that for some
p 2 Œ1;1Œ and some a 2 R, b 2 L1.S/ one has

L.e; s/ � b.s/� a kekp 8.e; s/ 2 E � .SnN/:

Then the function j W Lp.S;E/ ! R given by j.x/ WD R
S L.x.s/; s/d�.s/ is lower

semicontinuous.
We first prove this assertion in the case a D 0, b D 0. Let .xn/ be a sequence

in Lp.S;E/ converging to some x 2 Lp.S;E/. Taking a subsequence if necessary we
may suppose . j.xn// converges to lim infn j.xn/. Taking a further subsequence we
may assume that .xn.s// ! x.s/ a.e. in S. Our lower semicontinuity assumption on
L ensures that

lim inf
n

L.xn.s/; s/ � L.x.s/; s/ a.e.,

so that, by Fatou’s lemma, we obtain

lim inf
n

Z

S
L.xn.s/; s/d�.s/ �

Z

S
lim inf

n
L.xn.s/; s/d�.s/ �

Z

S
L.x.s/; s/d�.s/;

or lim infn j.xn/ � j.x/, the required lower semicontinuity property.
In the general case we set M.e; s/ WD L.e; s/ � b.s/C a kekp 2 RC and m.x/ WDR

S M.x.s/; s/d�.s/ for x 2 Lp.S;E/. Given x 2 Lp.S;E/ and a sequence .xn/ ! x in
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Lp.S;E/, we have

lim inf
n

j.xn/ D lim inf
n

.m.xn/ � a
Z

S
kxn.s/kp d�.s/C

Z

S
b.s/d�.s/

� m.x/ � a kxkp
p C

Z

S
b.s/d�.s/ D j.x/:

That shows that j is lower semicontinuous. ut

Exercises

1. Using the relation E D T
i2I Ei, where Ei is the epigraph of a function fi and E is

the epigraph of f WD supi2I fi, show that f is l.s.c. on X when each fi is l.s.c. on X.
Use a similar argument with sublevel sets.

2. Suppose X is a metric space. Show that f is l.s.c. at x iff for any sequence .xn/

converging to x one has f .x/ � lim infn f .xn/.
3. Let .M; d/ be a metric space and let X WD C.T;M/, where T WD Œ0; 1�. Given

some x 2 X and some element s of the set S of nondecreasing sequences s WD
.sn/n�0 satisfying s0 D 0, sn D 1 for n large, let

`s.x/ WD
X

n�0
d.x.sn/; x.snC1//

(observe that the preceding sum contains only a finite number of non-zero terms).
Define the length of a curve x 2 X by `.x/ WD sups2S `s.x/. Show that `s W X ! R

is continuous when X is endowed with the metric of uniform convergence (and
even when X is provided with the topology of pointwise convergence). Conclude
that the length ` is a l.s.c. function on X.

Show that ` is not continuous by taking M WD R
2, x given by x.t/ WD .t; 0/

and by showing that there is some xn 2 X such that d.xn; x/ ! 0 and `.xn/ � p
2

[Hint: for n > 0 define xn.t/ D t � 2k
2n for t 2 Œ 2k

2n ;
2kC1
2n �, k � n and xn.t/ D

�t C 2kC2
2n for t 2 Œ 2kC1

2n ; 2kC2
2n �, k � n � 1].

4. Show that the infimum of an infinite family of l.s.c. functions is not necessarily
l.s.c. [Hint: observe that any function f on X is the infimum of the family . fa/a2X

of functions given by fa.x/ D f .a/ if x D a, C1 else].
5. Let f W X ! R1 be a l.s.c. function on a topological space X and let A be

a nonempty subset of X. Show that inf f .A/ D inf f .clA/. Can one replace inf
by sup?

6. Show that the supremum of a family of continuous functions is not necessarily
continuous.

7. (Ritz’s method) Let f W X ! R be an upper semicontinuous function on a
topological space X and let .Xn/n�0 be a sequence in subspaces such that for
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all x 2 X there exists a sequence .xn/ ! x satisfying xn 2 Xn for all n. Let
m WD inf f .X/, mn WD inf f .Xn/. Show that m D limn mn.

2.2.4 Compactness

The existence of limits being a frequent aim, the following definition is of interest.

Definition 2.9 A topological space .X;O/ is said to be compact if it is Hausdorff
and if any net in X has a convergent subnet.

Equivalently, since a cluster point of net is the limit of some subnet, a topological
space .X;O/ is compact if every net in X has a cluster point. Moreover, if a net .xi/i2I

of a compact space .X;O/ has at most one cluster point x, then it converges to x:
if this were not the case, one could find an open neighborhood V of x and a cofinal
subset J of I such that xj … V for all j 2 J and then .xj/j2J would have a convergent
subnet whose limit would be in XnV , contradicting the uniqueness of the cluster
point of .xi/i2I .

The property of the definition can be characterized in different ways. The usual
one deals with open coverings of X, i.e. families .Oi/i2I of open subsets whose
union is X. Another one deals with families .Ci/i2I satisfying the finite intersection
property, i.e. such that for any finite subset J of I one has \j2JCj ¤ ¿.

Theorem 2.1 A Hausdorff topological space .X;O/ is compact if and only if every
open covering .Oi/i2I of X has a finite covering, if and only if any family .Ci/i2I of
closed subsets with the finite intersection property has a nonempty intersection.

Proof Setting Oi WD XnCi (and conversely Ci WD XnOi) one sees that the last two
properties are equivalent, since for all J � I the family .Oj/j2J is a covering of X
if and only if \j2JCj is empty. Let us assume the last property is satisfied and let
.xi/i2I be a net in X. Setting Ci WD clfxj W j � ig, we see that for every finite subset J
of I and for any k 2 I such that k � j for all j 2 J (such a k exists since I is directed)
one has \j2JCj � Ck ¤ ¿, so that \i2ICi is nonempty. Since by Proposition 2.3
\i2ICi is the set of cluster points of .xi/i2I , we get a cluster point of .xi/i2I .

Now let .Ci/i2I be a family of closed subsets satisfying the finite intersection
property. Let J be the family of finite subsets of I and for J 2 J let xJ 2 CJ WD
\j2JCj. Since J is directed with respect to inclusion, we get a net .xJ/J2J in X. Let
us show that if \i2ICi D ¿ the net .xJ/J2J cannot have a cluster point. Suppose
x is a cluster point of .xJ/J2J . Since x … \i2ICi there exists some k 2 I such that
x 2 V WD XnCk. Then, for J 2 J satisfying J � K WD fkg we cannot have xJ 2 V
since xJ 2 CJ � Ck. Thus x cannot be a cluster point of .xJ/J2J . ut
Corollary 2.5 Let X be a subset of a Hausdorff topological space .W;OW /

endowed with the induced topology OX WD fO \ X W O 2 OWg. Then .X;OX/

is compact if and only if every covering .Oi/i2I of X by members of OW has a finite
subcovering.
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Here a family .Wi/i2I of subsets of W is called a covering of X if X � [i2IWi

and a subcovering is a subfamily .Wj/j2J of .Wi/i2I that is still a covering of X.

Proof If .X;OX/ is compact, for every covering .Oi2I/ of X by open subsets of W,
the family .Oi \ X/i2I being a covering of X for the induced topology OX , one can
find a finite subset J of I such that .Oj \ X/j2J is a covering of X. Then .Oj/j2J is a
finite subcovering of X.

Conversely, suppose every covering .Oi/i2I of X by members of OW has a finite
subcovering .Oj/j2J . Then, if .Gi/i2I is an open covering of .X;OX/, picking Oi 2
OW such that Gi D Oi \ X, we can find a finite subset J of I such that X � [j2JOj

and then .Gj/j2J is a finite subcovering of .Gi/i2I . Thus .X;OX/ is compact. ut
Example A discrete space, i.e. a set endowed with the discrete topology, is compact
if and only if it is finite.

Example If .xn/ is a convergent sequence in a Hausdorff topological space .W;O/
and if x WD limn xn, then the set X WD fxn W n 2 Ng [ fxg is compact with respect
to the induced topology. In fact, given a covering .Oi/i2I of X by open subsets of
W we can find some k 2 I such that x 2 Ok. Since .xn/ ! x there exists some
m 2 N such that xn 2 Ok for n > m. Then, taking for all j 2 N, j � m some
i. j/ 2 I such that xj 2 Oi. j/, we obtain a finite subcover of X by taking the family
fOi. j/ W 0 � j � mg [ fOkg. ut

Another important example is given by the following theorem.

Theorem 2.2 (Heine-Borel-Lebesgue) Every closed bounded interval of R is
compact.

Proof Let X WD Œa; b� with a � b in R and let .Oi/i2I be an open covering of X by
open subsets of R. Let A be the set of x 2 X such that Œa; x� is covered by a finite
number of members of .Oi/2I . Then A is nonempty (since a 2 A), hence it has a
least upper bound c � b. Let h 2 I be such that c 2 Oh. Suppose c < b. Given
" > 0 such that c C " � b and Œc � "; c C "� � Oh, one can find some x 2 A such
that c � " < x � c. By definition of A one can find a finite subset J of I such that
Œa; x� � [j2JOj. Then c 2 A and Œa; c C "� � [k2KOk for K WD J [ fhg, so that
c C " 2 A, a contradiction. Thus c D b and b 2 A W Œa; b� can be covered by a finite
subfamily of .Oi/i2I . ut
Corollary 2.6 The space R WD R [ f�1;C1g is compact.

Proof This follows from the fact that there exists a homeomorphism h from R onto
Œ�1; 1�, for instance h W r 7! r=.1C jrj/ for r 2 R, h.�1/ WD �1, h.C1/ WD 1.

ut
Let us give some permanence properties.

Proposition 2.13 Let X be a closed subset of a compact topological space
.W;OW/. Then, denoting by OX WD fO \ X W O 2 OWg the induced topology,
.X;OX/ is compact.
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Proof If .xi/i2I is a net in X, it has a subnet .xj/j2J that converges in W. But since X
is closed in W, the limit x of .xj/j2J belongs to X and .xj/j2J converges in .X;OX/.

ut
Proposition 2.14 Let X be a subset of a Hausdorff topological space .W;OW/. If
X is compact with respect to the induced topology OX, then X is closed in .W;OW/.

Proof Let w be an element of the closure of X. Then, there exists a net .xi/i2i of X
that converges to w. But since .X;OX/ is compact, .xi/i2I has a cluster point x 2 X.
Then Proposition 2.1 ensures that x D w, so that w 2 X. ut
Corollary 2.7 The compact subsets of R (with respect to the induced topology) are
the closed bounded subsets of R.

Proof Since R is Hausdorff, the preceding proposition shows that a compact subset
X of R is closed. It is bounded since otherwise we could find a sequence .xn/ in X
satisfying jxnj > n; such a sequence cannot have a cluster point.

Conversely, let X be a closed bounded subset of R. Then there exists a closed
bounded interval W WD Œa; b� containing X. Since W is compact and X is closed in
W, X is compact by Proposition 2.13. ut
Exercise Show that in a Hausdorff topological space the union of a finite family of
compact subsets is compact and the intersection of a family of compact subsets is
compact.

Theorem 2.3 Let .X;OX/ and .Y;OY/ be two Hausdorff topological spaces, and
let f W X ! Y be a continuous map. If X is compact, then Z WD f .X/ is compact.

Proof Let .zi/i2I be a net in Z. If xi 2 X is such that zi D f .xi/, then .xi/i2I has
a convergent subnet .xj/j2J . Then .zj/j2J is a subnet of .zi/i2I that converges to
f .limj xj/. ut
Corollary 2.8 Let .X;OX/ and .Y;OY / be two Hausdorff topological spaces, and
let f W X ! Y be a continuous injective map. If X is compact, then f is a
homeomorphism from X onto f .X/.

Proof If C is a closed subset of X, C is compact and f .C/ is compact too, so that
f .C/ is closed in f .X/. ut

The proof of the following theorem requires Zorn’s Lemma when the product
has an infinite number of factors.

Theorem 2.4 (Tykhonov) The product of a family of compact topological spaces
is compact.

Proof We admit the result when the product has an infinite number of factors.
The case of a finite number of factors is reduced to the case of two factors by
an induction. Let Z WD X � Y be the product of two compact spaces and let
.zi/i2I WD ..xi; yi//i2I be a net in Z. A subnet .xj/j2J of .xi/i2I converges. In turn,
a subnet . yk/k2K of . yj/j2J converges. Then .zk/k2K is a convergent subnet of .zi/i2I .

ut
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Corollary 2.9 The compact subsets of Rd (with respect to the induced topology)
are the closed bounded subsets of Rd.

Here a subset of Rd is said to be bounded if its projections are bounded.

Proof If S is a compact subset of Rd, it is closed and its projections are compact,
hence bounded. Conversely, if S is a closed bounded subsets of R

d then S is
contained in a product of closed bounded intervals. Thus S is a closed subset of
a compact space, hence S is compact. ut

A subset X of a topological space .W;OW/ is said to be relatively compact if
its closure is compact. Thus, any subset of a relatively compact subset is relatively
compact.

Since fixed point results enable us to solve equations, the interest of the notion of
compactness is illustrated by the following theorem. It has been given many proofs;
an elementary one can be found in [197, 222] and in the appendix. Recall that a
subset C of a vector space is said to be convex if for all x0, x1 2 C and t 2 Œ0; 1� one
has .1 � t/x0 C tx1 2 C.

Theorem 2.5 (Brouwer) Let X be a compact convex subset of Rd (or of a finite
dimensional normed vector space) and let f W X ! X be a continuous map. Then
there exists some x 2 X such that f .x/ D x.

Corollary 2.10 (Hairy Ball Theorem) Let X be a (finite dimensional) Euclidean
space with scalar product h� j �i, unit closed ball BX, unit sphere SX, let r > 0, and
let g W rBX ! X be continuous and pointing inside rBX, i.e. such that

hg.x/ j xi � 0 8x 2 rSX:

Then there exists some z 2 rBX such that g.z/ D 0.

Proof Suppose on the contrary that g.x/ ¤ 0 for all x 2 rBX . Then h W rBX ! X
given by

h.x/ WD r

kg.x/kg.x/ x 2 rBX

is continuous, takes its values in rSX � rBX , hence has a fixed point x 2 rBX by
Brouwer’s Theorem. Then we get the contradiction

r2 D kh.x/k2 D hh.x/ j xi D r

kg.x/khg.x/ j xi � 0:

This contradiction proves that g has a zero in rBX . ut
Corollary 2.11 Let X be a (finite dimensional) Euclidean space, let b, r 2 RC, and
let f W X ! X be continuous and such that h f .x/ j xi � b kxk for all x 2 rSX. Then
for all y 2 bBX the equation f .x/ D y has a solution x 2 rBX.



2.2 Topologies 73

If h f .x/ j xi � c.kxk/ kxk for some function c.�/ such that c.r/ ! 1 as r ! 1,
then f .X/ D X. Moreover, there exists a function k W RC ! RC such that for all x,
y 2 X satisfying f .x/ D y one has kxk � k.kyk/.
Proof Given y 2 bBX let us set g.�/ WD y � f .�/, so that g is continuous and for
x 2 rSX

hg.x/ j xi D h y j xi � h f .x/ j xi � b kxk � b kxk � 0:

Thus, there exists some x 2 rBX such that g.x/ D 0 or f .x/ D y.
Assuming that h f .x/ j xi � c.kxk/ kxk for c.�/ satisfying limr!1 c.r/ D 1,

setting

k.s/ WD supfr 2 RC W c.r/ � sg s 2 RC

we see that k takes finite values and that whenever x is such that f .x/ D y we have
c.kxk/: kxk � h f .x/ j xi D h y j xi � kyk : kxk, hence kxk � k.kyk/. ut

Some topological spaces of interest have a local behavior involving compactness.

Definition 2.10 A topological space .X;OX/ is said to be locally compact if it is
Hausdorff and if each point of X has a compact neighborhood.

A compact space is obviously locally compact. A discrete space (i.e. a space
in which each subset is open) is locally compact, but it is not compact if it is
infinite. The space R with its usual topology is locally compact but not compact.
An open subset of a compact space or locally compact space is locally compact, as
the following proposition shows.

Proposition 2.15 In a compact space, or more generally in a locally compact
space, each point has a base of neighborhoods formed by compact sets.

Proof Let .X;OX/ be a compact space, let x 2 X and let U 2 N .x/. We want
to show that there exists some closed V 2 N .x/ contained in U. Without loss of
generality we may assume U is open. If no such V exists, since N .x/ is stable under
finite intersections, the family fVnU W V 2 N .x/; cl.V/ D Vg of closed subsets of
XnU has the finite intersection property. Since XnU is compact by Proposition 2.13,
one can find some y 2 XnU belonging to any closed neighborhood V of x. Then
we have y ¤ x and since X is Hausdorff we can find some V 2 N .x/, W 2 N .y/
with V \ W D ¿. Since we may assume W is open, replacing V with its closure
we may suppose V is closed. Then y 2 V . Since y 2 W and V \ W D ¿ we get a
contradiction.

Now suppose X is locally compact. Let x 2 X and let U 2 N .x/. By assumption
there is some W 2 N .x/ that is compact. The preceding yields some compact
neighborhood V of x in W contained in U \ W. Then V is a neighborhood of x
in X and is contained in U. ut
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Proposition 2.16 Every open or closed subset X of a locally compact space
.W;OW/ is locally compact.

Proof If X is open, for every x 2 X one has X 2 N .x/, so that there is some compact
V 2 N .x/ contained in X and V is a neighborhood of x with respect to the induced
topology on X.

If X is closed in W and if x 2 X, taking a neighborhood V of x in W that is
compact, we see that W \ X is compact and is a neighborhood of x in X with respect
to the induced topology. Thus X is locally compact. ut
Proposition 2.17 The product of a finite family of locally compact spaces is locally
compact. In particular, Rd is locally compact.

Proof It suffices to prove that the product Z WD X �Y of two locally compact spaces
is locally compact. Given z WD .x; y/ 2 Z we pick U 2 N .x/, V 2 N .y/ that are
compact. Then U � V is a compact neighborhood of z. ut

Given a topological space .X;O/ there are different ways of embedding it into a
compact space. When .X;O/ is locally compact the simplest approach consists in
adding a point w to X and declaring that a subset O of W WD X [fwg is open if either
it belongs to O or if w 2 O and XnO is compact. It is easy to see that the resulting
topological space is compact. It is called the Alexandroff compactification of X or
one point compactification of X.

Exercise Show that the Alexandroff compactification of Rd is homeomorphic to the
unit sphere S

d of RdC1. [Hint: use the stereographic projection p W Sd n fng ! R
d,

where n is the “north pole” n WD .0; : : : ; 0; 1/ of Sd defined as follows: for x 2
S

d n fng, p.x/ is the point of Rd � f0g that belongs to the half-line x C RC.x � n/.]

The following theorem is the main existence result in optimization theory.

Theorem 2.6 (Weierstrass) Let f W X ! R be a lower semicontinuous function on
a (nonempty) compact topological space X. Then the set M WD fw 2 X W f .w/ �
f .x/ 8x 2 Xg of minimizers of f is nonempty.

Proof We may suppose m WD inf f .X/ < 1 for otherwise f is constant with
value 1. Setting Sf .r/ WD fx 2 X W f .x/ � rg for r 2 R, the family fSf .r/ W
r > mg is formed of nonempty closed subsets and any finite subfamily has a
nonempty intersection: \1�i�kSf .ri/ D Sf .rj/ where rj WD min1�i�k ri. Therefore
M D \r>mSf .r/ is nonempty. ut

Given a topological space X, one may try to weaken its topology in order to
enlarge the family of compact subsets. Then, a continuous function on X may not
remain continuous. There are interesting cases, for instance making use of convexity
assumptions, for which the function still remains lower semicontinuous, so that the
preceding generalization of the classical existence of a minimizer under a continuity
assumption is of interest.

Let us give a criterion for the lower semicontinuity of a function obtained by
minimization.
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Proposition 2.18 Let W, X be topological spaces, let w 2 W and let f W W �
X ! R be a function which is lower semicontinuous at .w; x/ for every x 2 X. If
the following compactness assumption is satisfied, then the performance function
p W W ! R given by p.w/ WD infx2X f .w; x/ is lower semicontinuous at w W

(C) for any net .wi/i2I ! w there exist a subnet .wj/j2J, a convergent net .xj/j2J

in X and ."j/j2J ! 0C such that f .wj; xj/ � p.wj/C "j for all j 2 J.

Proof Given a net .wi/i2I ! w such that . p.wi//i2I converges, let .wj/j2J be a
subnet of .wi/i2I , and let .xj/j2J and ."j/ ! 0C be as in (C). Then, if x is the limit of
.xj/j2J , one has

p.w/ � f .w; x/ � lim inf
j2J

f .wj; xj/ � lim inf
j2J

�
p.wj/C "j

� D lim
i2I

p.wi/:

Since lim infw!w p.w/ is the limit of . p.wi//i2I for some net .wi/i2I ! w such that
. p.wi//i2I converges, these inequalities show that p.w/ � lim infw!w p.w/. ut
Corollary 2.12 Let W and X be topological spaces, X being compact, and let f W
W � X ! R1 WD R [ fC1g be lower semicontinuous. Then the performance
function p defined as above is lower semicontinuous.

Proof We give a proof in the case when f is just lower semicontinuous at each point
of fwg � XI when f is lower semicontinuous on W � X, a simpler proof can be
given using the Weierstrass’ Theorem. Condition (C) is clearly satisfied when X is
compact since for any net .wi/i2I ! w and for any sequence .˛n/ ! 0C one can
take H WD I � N, wh WD wi, "h WD ˛n for h WD .i; n/ and pick xh 2 X satisfying
f .wh; xh/ � p.wh/C "h, and take a subnet .xj/j2J of .xh/h2H which converges in X.

ut

Exercises

1. For every net .ri/i2I in the compact space R show that lim infi2I ri is the least
cluster point of .ri/i2I and lim supi2I ri is the greatest cluster point of .ri/i2I .

2. Let X and Y be topological spaces and let Z be a closed subset of X � Y. Show
that if Y is compact, then the projection pX.Z/ of Z on X is closed. Give an
example showing that one cannot drop the assumption that Y is compact.

3. Let X and Y be topological spaces, Y being Hausdorff and let f W X ! Y be
a map. Show that if f is continuous then the graph G WD f.x; f .x// W x 2 Xg
of f is closed in X � Y. Give an example with X D Y D R showing that the
converse is not true. Prove that if Y is compact, then the converse is true.

4. Let .Kn/n be a decreasing sequence in nonempty compact subsets of a
topological space X. Show that K WD \nKn is nonempty and that for any open
subset G of X containing K there exists some m 2 N such that Km � G. Give
a generalization to a filtered family .Ki/i2I of nonempty compact subsets.
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5. Let X be a Hausdorff topological space and let A and B be two disjoint compact
subsets of X. Show that there exist open subsets U, V of X such that A � U,
B � V and U \ V D ¿. [Hint: start with the case when B is a singleton.]

6. Let X WD Œ0; 1� � Œ0; 1� be endowed with the lexicographic order �. Let O be
the topology generated by the open intervals Tw;z WD fx 2 X W w � x � zg of
X and the intervals fx 2 X W x � zg, fx 2 X W w � xg, where x � x0 means that
x � x0 and x ¤ x0. Show that X is compact with respect to this topology.

7. Show that for any compact subset K of a locally compact space X and
any neighborhood U of K there exists some compact neighborhood V of K
contained in U.

8. Show that the intersection of two locally compact subsets of a topological
space is locally compact.

9. Prove that the union of two locally compact subsets of a topological space is
not always locally compact. [Hint: in R take A WD fag where a is the limit of
a sequence .an/ of Rnfag and B WD Rn.fan W n 2 Ng [ fag/ or in R

2 take
A WD R � P, B WD f.0; 0/g.]

10. Show by an example that the image of a locally compact space X under a
continuous map f W X ! Y is not necessarily locally compact. [Hint: take a
bijection f from N onto Q.]

11�. Prove the odd Hairy Ball Theorem: for d odd there is no continuous vector
field on the unit sphere Sd�1 WD SRd tangent to SRd [Hint: use the appendix.]

12. (Beals) Let B be the closed unit ball of the space X WD c0 of sequences x WD
.xn/n�0 with limit 0 endowed with the supremum norm. Prove that the map
f W B ! B given by f .x/ D .1; x0; x1; : : :/ for x WD .x0; x1; : : :/ 2 B is
nonexpansive, i.e. does not increase distances, and has no fixed point.

13. (Stone) A Boolean ring is a ring A such that a2 D a for all a 2 A. A topological
space .X;O/ is said to be totally disconnected if the family B of subsets of X
which are simultaneously open and closed forms a base of its topology. Show
that B forms a Boolean ring with unit when the product is \ and the addition
is � as in Definition 1.2. Conversely, show that any Boolean ring with unit
is isomorphic to the ring of subsets of a compact topological space which are
simultaneously open and closed. [See [106, p. 41].]

2.3 Metric Spaces

A usual means of studying convergence on a set X is to reduce the question to the
case of convergence in R. That can be done if one disposes of functions from X � X
to R that allow such a transfert. Metrics (also called distances) and semimetrics are
such means.
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2.3.1 General Facts About Metric Spaces

Definition 2.11 A semimetric on a set X is a function d W X �X ! RC WD Œ0;C1Œ

satisfying the properties:

(SM1) for all x 2 X one has d.x; x/ D 0I
(SM2) for all x, x0 2 X one has d.x; x0/ D d.x0; x/I
(SM3) for all x; x0; x00 2 X, one has d.x; x00/ � d.x; x0/C d.x0; x00/.

A metric is a semimetric d such that for all x, x0 2 X, d.x; x0/ D 0 ) x D x0.
A pseudo-metric on X is a function d W X � X ! RC WD Œ0;C1� satisfying (SM1)–
(SM3).

The relation in (SM3) is called the triangle inequality.
A metric space (resp. semimetric space) is a pair .X; d/ formed by a set X and a

metric (resp. semimetric) d on X. When there is no ambiguity on d, we just write X.
A uniform space is a pair .X; .da/a2A/, where .da/a2A is a family of pseudo-metrics
on X. In a metric space .X; d/ (resp. a uniform space .X; .da/a2A/) one can introduce
a convergence by setting

.xi/i2I ! x ” .d.xi; x//i2I ! 0

(resp. .xi/i2I ! x ” 8a 2 A .da.xi; x//i2I ! 0).

Exercise Verify the axioms (C1), (C2), (C3) of convergence spaces (Definition 2.2)

In fact, a semimetric d induces a topology O on X defined by: G 2 O iff for all
x 2 G there exists some r > 0 such that the open ball

B.x; r/ WD fx0 2 X W d.x; x0/ < rg

is contained in G. Thus O is the topology generated by the family of open balls.
This family is a base of O and for all x 2 X, the family of open balls centered at x is
a base of neighborhoods of x. In the sequel, the closed ball with center x and radius
r 2 RC is the set

BŒx; r� WD fx0 2 X W d.x; x0/ � rg:

The family of closed balls centered at x with positive radius is also a base of
neighborhoods of x. A topology can also be associated with a uniform space
.X; .da/a2A/: it is the topology generated by the balls Ba.x; r/ WD da.x; �/�1.Œ0; rŒ/
for a 2 A, x 2 X, r > 0. It is easy to show that the convergence on .X; d/ or
.X; .da/a2A/ described above is the convergence associated with the topology we
just defined. Moreover, when d is a metric, the associated topology is Hausdorff:
given x, x0 2 X such that x ¤ x0, for r 2�0; d.x; x0/=2Œ the balls B.x; r/ and B.x0; r/
are disjoint in view of the triangle inequality. Hence convergent nets or sequences
have a unique limit by Proposition 2.1. The existence of a metric d on X implies
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a noticeable property of accumulation points. We propose it in the next exercise.
A point a is called an accumulation point of a subset S of a topological space X if
every neighborhood V of a contains some point x 2 S, x ¤ a.

Exercise Show that every neighborhood V of an accumulation point a of a subset S
of a metric space .X; d/ contains an infinite family of points of S. [Hint: by induction
define a sequence .xn/ of Snfag such that d.xnC1; a/ < d.xn; a/.]

Given a subset S of a metric space .X; d/ the diameter of S is diam.S/ WD
supfd.x; y/ W x; y 2 Sg and the distance to S is the function dS W X ! RC
given by

dS.x/ WD inffd.x; y/ W y 2 Sg; x 2 X:

This notion is often convenient. If A, B are two subsets of X, their gap g.A;B/ is

gap.A;B/ WD inffd.a; b/ W a 2 A; b 2 Bg:

This number is sometimes called the distance between A and B but this terminology
is improper as .A;B/ 7! gap.A;B/ is not a metric on the set P.X/ of subsets of X or
on the set of closed subsets of X.

In metric spaces continuity can be expressed with the help of "’s and ı’s: a map
f W .X; d/ ! .X0; d0/ is continuous at x 2 X if and only if for all " > 0 one can
find some ı > 0 such that d0. f .x/; f .x// < " for all x 2 X satisfying d.x; x/ < ı. In
metric spaces, one can avoid nets and just use sequences in a convenient way:

Proposition 2.19 For a map f W .X; d/ ! .X0; d0/ between two metric spaces and
x 2 X the following assertions are equivalent:

(a) f is continuous at x 2 XI
(b) for every sequence .xn/ ! x one has . f .xn// ! f .x/I
(c) for every sequence .xn/ ! x one can find a subsequence .xk.n// such that

. f .xk.n/// ! f .x/.

Proof (a))(b) Sequences being particular nets, the implication stems from Propo-
sition 2.2. (b))(c) being obvious, it remains to show that (c))(a).

(c))(a) If f is not continuous at x there exists some " > 0 such that for all ı > 0
one has f .B.x; ı// ª B. f .x/; "/. Taking a sequence .ın/ ! 0C we can find some
xn 2 B.x; ın/ such that f .xn/ … B. f .x/; "/. Then we have .xn/ ! x but for any
subsequence .xk.n// the sequence . f .xk.n/// does not converge to f .x/. ut
Proposition 2.20 In a metric space .X; d/ the closure cl.S/ of a subset S is the set
of limits of sequences in S.

Proof If x is the limit of a sequence .xn/ of S, then clearly x 2 cl.S/. Conversely, if
x 2 cl.S/, for any n � 1 the set S\B.x; 1=n/ is nonempty. Picking xn 2 S\B.x; 1=n/
we get a sequence .xn/ converging to x. ut
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Proposition 2.21 In a metric space .X; d/ any cluster point of a sequence in X is
the limit of a subsequence.

Proof Let x be a cluster point of a sequence .xn/ of X. Given a sequence .rn/ ! 0C
an induction on n gives a sequence .k.n// of N such that k.n C 1/ > k.n/ and
xk.n/ 2 B.x; rn/ for all n. Then .xk.n//n is a subsequence in .xn/ that converges to x.

ut
A map f W .X; d/ ! .X0; d0/ is said to be uniformly continuous if for all " > 0

one can find some ı > 0 such that d0. f .w/; f .x// < " for all w, x 2 X satisfying
d.w; x/ < ı. Such a map is clearly continuous at each x 2 X and one sees that ı
does not depend on x. If there exists a modulus �, i.e. a function � W RC ! RC WD
Œ0;C1� satisfying �.t/ ! 0 as t ! 0, such that d0. f .w/; f .x// � �.d.w; x// for
all w, x 2 X, then f is uniformly continuous. The converse is true and we invite the
reader to produce a modulus satisfying the preceding property (and even the least
such modulus �f called the modulus of uniform continuity of f ). The case when �
is linear deserves some attention, but there are other cases of interest, for example
the case �.t/ D ct˛ with c 2 RC, ˛ > 0 (then f is said to be Hölderian).

A map f W .X; d/ ! .X0; d0/ is said to be Lipschitzian if there exists some c 2 RC
such that d0. f .x1/; f .x2// � cd.x1; x2/ for all x1; x2 2 X. The constant c is called a
Lipschitz constant (or rate, or rank). The least such constant is called the (exact)
Lipschitz rate of f . If this rate is 1, f is said to be nonexpansive. If this rate is less
than 1 one says that f is contractive or a contraction. If f is a bijection and if for
all x1, x2 2 X one has d0. f .x1/; f .x2// D d.x1; x2/ one says that f is an isometry;
then f �1 is also an isometry. For x 2 X the Lipschitz rate of f at x is the infimum
of the Lipschitz rates of the restrictions of f to the neighborhoods of x (and C1 if
there is no neighborhood of x on which f is Lipschitzian). If for all x 2 X there is
a neighborhood V of x such that the restriction f j V is Lipschitzian, f is said to be
locally Lipschitzian.

If .X; .da/a2A/ and .Y; .db/b2B/ are two uniform spaces, a map f W X ! Y is said
to be uniformly continuous if for all b 2 B and all " 2 P one can find a finite subset
A.b; "/ of A and ı > 0 such that db. f .x/; f .x0// � " whenever x, x0 2 X satisfy
da.x; x0/ � ı for all a 2 A.b; "/.

Exercise Show that the composition of two uniformly continuous maps is uni-
formly continuous.

Different equivalence properties can be defined on the set of metrics on a set X.
Two metrics d, d0 are said to be topologically equivalent if the topologies they define
coincide. They are said to be uniformly equivalent (resp. metrically equivalent) if
the identity map from .X; d/ into .X; d0/ and its inverse are uniformly continuous
(resp. Lipschitzian).

Proposition 2.22 A metric space .X; d/ is separable if and only if its topology has
a countable base.

Proof If the topology of .X; d/ has a countable base B WD fBn W n 2 Ng, picking
an arbitrary point an 2 Bn for all n we get a dense subset A WD fan W n 2 Ng since



80 2 Encounters With Limits

for all x 2 X and any open subset U containing x there exists some n 2 N such that
Bn � U.

Conversely, suppose X contains a countable dense subset A WD fan W n 2 Ng.
Then we claim that the family B WD fB.an; q/ W n 2 N; q 2 Q; q > 0g is a base of
the topology of .X; d/. In fact, given x 2 X and r > 0 we can find q 2 Q such that
0 < q < r=2 and if n 2 N is such that an 2 B.x; q/, for all x 2 B.an; q/ we have
x 2 B.x; r/ by the triangle inequality. ut
Example The set R of real numbers endowed with its usual metric has a countable
base since the set Q of rational numbers is dense in R.

Corollary 2.13 A subspace of a separable metric space is separable.

Proof This follows from the proposition and from the fact that if B is a countable
base of .X; d/, then for a subspace Y, the family BY WD fB \ Y W B 2 Bg is a base
for the induced topology on Y. ut

On the product Z WD X � Y of two metric spaces .X; dX/, .Y; dY/, a metric d is
called a product metric if the canonical projections pX W Z ! X, pY W Z ! Y and
the insertions jb W x 7! .x; b/, ja W y 7! .a; y/ are nonexpansive.

Exercise Show that a metric d on Z WD X � Y is a product metric if and only if for
all .u; v/, .x; y/ 2 X � Y one has

max.dX.u; x/; dY.v; y// � d..u; v/; .x; y// � dX.u; x/C dY.v; y/:

The left (resp. right) side defines a convenient metric usually denoted by d1 (resp.
d1). Describe its balls.

Whereas the product X of a family of metric spaces .Xs; ds/ (s 2 S, an arbitrary
set) cannot be provided with a (sensible, i.e. inducing the product topology) metric
in general, we have seen that a product of topological spaces .Xs;Os/ (s 2 S) can
always be endowed with a topology O that makes the projections ps W X ! Xs

continuous and that is as weak as possible, namely it is the topology generated by
the sets p�1

s .Os/ for s 2 S, Os 2 Os. Its associated convergence is componentwise
convergence. When .Xs;Os/ WD .Y;OY ) for all s 2 S, identifying the product X
with the set YS of maps from S to Y, the convergence associated with the product
topology O on X coincides with pointwise convergence: . fi/i2I ! f in YS if, for
all s 2 S, . fi.s//i2I ! f .s/. When OY is the topology associated with a metric
dY on Y, a stronger convergence can be defined on YS: it is the so-called uniform
convergence for which . fi/i2I ! f iff .d1. fi; f // WD .sups2S dY. fi.s/; f .s/// !
0. This convergence is adapted to bounded functions, but it can be considered for
any set of maps from a set S into a metric space Y. It enjoys better preservation
properties, such as the following one.

Theorem 2.7 Let X be a topological space and let .Y; d/ be a metric space. Let
. fi/i2I be a net (or a sequence) of continuous functions from X into Y that converges
uniformly to some map f W X ! Y. Then f is continuous.
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Proof Let x 2 X and let " > 0 be given. We can find k 2 I such that for i � k we
have supx2X d. fi.x/; f .x// � "=3. Since fk is continuous there exists a neighborhood
V of x such that d. fk.x/; fk.x// � "=3 for all x 2 V . Then, for x 2 V we have

d. f .x/; f .x// � d. f .x/; fk.x//C d. fk.x/; fk.x//C d. fk.x/; f .x// � ".

This proves that f is continuous at x. ut
Some constructions can be obtained by using metrics.

Lemma 2.3 (Urysohn’s Lemma) Let A and B be two disjoint nonempty closed
subsets of a metric space .X; d/. Then there exists inuous function h W X ! Œ�1; 1�
such that h.x/ D �1 for all x 2 A and h.x/ D 1 for all x 2 B.

If C is a closed subset of X and if f W C ! Œ�1; 1� is a continuous function, there
exists a continuous function g W X ! Œ�1=3; 1=3� such that j f .x/ � g.x/j � 2=3 for
all x 2 C.

Proof Since A and B are disjoint, for all x 2 X we have g.x/ WD d.x;A/C d.x;B/ >
0. Setting h.x/ WD .d.x;A/� d.x;B//=g.x/ we obtain the required function.

Let us set A WD fx 2 C W f .x/ � �1=3g and B WD fx 2 C W f .x/ � 1=3g. If A
is empty we take g WD 1=3; if B is empty we take g WD �1=3. If A and B are both
nonempty we take g WD .1=3/h where h is as in the first assertion. We obtain the
relation j f .x/ � g.x/j � 2=3 for all x 2 C by considering the three cases x 2 A,
x 2 B, x 2 Cn.A [ B/. ut
Theorem 2.8 (Tietze-Urysohn) Let C be a closed subset of a metric space .X; d/
and let f W C ! R a bounded continuous function. Then there exists a continuous
function g W X ! R such that g jCD f , inf g.X/ D inf f .C/, and sup g.X/ D
sup f .C/.

Proof The result is obvious when f is constant. Changing f into af Cb, where a and
b are appropriate real numbers, we may assume inf f .C/ D �1 and sup f .C/ D 1.

The second assertion of the lemma yields a continuous function g0 with values
in Œ�1=3; 1=3� such that j f .x/ � g0.x/j � 2=3 for all x 2 C.

Let us suppose that inductively we have defined for n 2 Nk WD f1; : : : ; kg a
continuous function gn such that

jgnj � 1 � .2
3
/nC1 jgn jC �f j � .

2

3
/nC1 (2.1)

Applying the second assertion of the lemma to the function . 3
2
/kC1.gk jC �f /, we

get a continuous function hkC1 with values in Œ�2kC1=3kC2; 2kC1=3kC2� such that
for all x 2 C

j f .x/ � gk.x/ � hkC1.x/j � .
2

3
/kC2: (2.2)
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Setting gkC1 WD gk C hkC1 we obtain the two inequalities of relation (2.1) for n D
k C 1. Since for x 2 X we have jgkC1.x/� gk.x/j � 2kC1=3kC2 for all k 2 N,
the sequence .gk/ converges uniformly on X to a function g that is continuous by
Theorem 2.7. Moreover, for x 2 C, passing to the limit in relation (2.2) we get
g.x/ D f .x/. ut

Metrics can be used in order to tackle optimization problems with constraints: a
natural idea consists in introducing some penalty terms, replacing the objective f by
a penalized objective. If one has to minimize f on an admissible subset A of a metric
space .X; d/ one may consider the minimization of

fs WD f C sdA.�/
on the whole space X, expecting that for a large penalization rate s the effect will
be similar. Here dA.x/ WD d.x;A/ WD inffd.x;w/ W w 2 Ag for x 2 X. In general
one has to replace s by an infinite sequence .sn/ ! 1, so that one has to solve
a sequence of unconstrained problems. In some favorable cases a single penalized
problem suffices as in the simple situation presented in the following result.

Proposition 2.23 (Exact Penalization) Let X be a metric space and let f W X ! R

be a Lipschitzian function with rate r. Then, for any s � r and any nonempty subset
A of X

inf
x2A

f .x/ D inf
x2X

.f .x/C sdA.x// : (2.3)

Moreover, x 2 A is a minimizer of f on A if and only if, x is a minimizer of fs WD
f C sdA on X. If A is closed and if s > r, any minimizer z of fs belongs to A.

A local version can be given by replacing X with a neighborhood of x.

Proof Since fs D f on A, we have m WD inf f .A/ � inf fs.X/. If we had strict
inequality we could find x 2 X such that fs.x/ < m. Then we would have sdA.x/ <
m � f .x/, so that we could pick x0 2 A such that sd.x; x0/ < m � f .x/. Since f
is Lipschitzian with rate r � s we would get f .x0/ � f .x/ C sd.x; x0/ < m, a
contradiction. The second assertion follows from (2.3).

Suppose now that A is closed and that for some s > r a minimizer z of fs does not
belong to A. Then dA.z/ is positive, so that, by the relations inf f .A/ D inf fs.X/ D
f .z/C sdA.z/,

rdA.z/ < sdA.z/ D inf f .A/� f .z/

one can find a 2 A such that rd.a; z/ < inf f .A/ � f .z/, contradicting the relations
inf f .A/ D inf fr.X/ � f .z/C rd.a; z/. ut

When the admissible set A is defined by equalities or inequalities, it is sensible to
take these relations into account. In the case when the admissible set A is defined as
A WD g�1.C/, where g W X ! W is a map with values in another metric space .W; d0/
and C is a closed subset of W such that for some c 2 P one has dA.x/ � cd0.g.x/;C/
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for all x 2 X, one can replace fs with f C scd0.g.x/;C/. Since dC is often easier to
compute than the distance to the implicitly defined set A WD g�1.C/, as is the case
when W WD R

m, C WD R
m�, such a penalized problem is often more tractable.

Exercises

1. A function h W RC ! RC is said to be subadditive if it satisfies h.r C s/ �
h.r/ C h.s/ for all r, s 2 RC. Let H be the set of subadditive functions h W
RC ! RC satisfying h.0/ D 0 and h.r/ > 0 for all r > 0. Verify that for
h, k 2 H one has h C k 2 H, h _ k 2 H, h ı k 2 H and that H is stable
under pointwise limits and suprema. Prove that if h W RC ! RC is concave,
increasing and such that h.0/ D 0, then h 2 H. Show that for every metric d on
a set X, the function h ı d is a metric on X. Using the functions r 7! r=.1C r/
and r 7! min.r; 1/ show that any metric d on X is uniformly equivalent to a
bounded metric.

2. Give examples of disjoint closed subsets A, B of a metric space .X; d/ such
that gap.A;B/ D 0. Show that the triangle inequality gap.A;C/ � gap.A;B/C
gap.B;C/ is not valid.

3. (Hausdorff-Pompeiu metric) Let .X; d/ be a metric space and let B0 be the
set of nonempty bounded subsets of X. For A, B 2 B0 let e.A;B/ be the excess
of A over B defined by e.A;B/ WD supfd.a;B/ W a 2 Ag. Verify that e.A;B/ D
0 if and only if A � cl.B/. Verify that dH W .A;B/ 7! max.e.A;B/; e.B;A// is
a semimetric on B0 and a metric on the set Fb of nonempty closed bounded
subsets of X.

4. Let .X; d/ a metric space and let .Y;OY/ be a topological space. Show that a
map f W X ! Y is continuous at x 2 X if and only if for any sequence .xn/ ! x
one has . f .xn// ! f .x/.

5. Prove that if f W Rd ! R is uniformly continuous, then there exist a, b 2 RC
such that f .x/ � ad.x; 0/C b for all x 2 R

d.
6. Let S be a subset of a metric space .X; d/. For r > 0 let B.S; r/ WD fx 2 X W

d.x; S/ < rg. Verify that B.S; r/ is the union over x 2 S of the balls B.x; r/
and that \r>0B.S; r/ D cl.S/. Examine whether similar conclusions hold for
BŒS; r� WD fx 2 X W d.x; S/ � rg.

7. Let .M; d/ be a metric space in which closed balls are compact. Suppose X is
arcwise connected. Show that any pair of points x0, x1 in X can be joined by a
curve with least length (a so-called geodesic) [see [75]]. Identify such a curve
when M is the unit sphere Sd�1 of Rd and when M is a circular cylinder in R

3.
Such curves have prompted the development of differential geometry.

8. Given a metric space .M; d/, let X be the set of subsets of M. For a net .Si/i2I

in X define

lim inf
i2I

Si WD fx 2 M W lim
i2I

d.x; Si/ D 0g;

lim sup
i2I

Si WD fx 2 M W lim inf
i2I

d.x; Si/ D 0g
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and write .Si/i2I ! S if lim infi2I Si D lim supi2I Si D S. Verify the axioms of
convergence spaces.

9. Devise another proof of the Tietze-Urysohn extension theorem that gives
an explicit expression for the extension g of f in the case inf f .C/ D 1,
sup f .C/ D 2 W

g.x/ WD 1

d.x;C/
inf
w2C

f .w/d.w; x/ x 2 XnC

and g.x/ D f .x/ for x 2 C. Show that g is well defined on X, satisfies
inf g.X/ D inf f .C/, sup g.X/ D sup f .C/, and is continuous. [Hint: note that
x 7! infw2C f .w/d.w; x/ is Lipschitzian with rate 2 and that for x 2 XnC and
D.x/ WD C \B.x; 2d.x;C// one has g.x/ D .1=d.x;C// infw2D.x/ f .w/d.w; x/.]

10�. Prove that any continuous function f on a metric space .X; d/ can be uniformly
approximated by a locally Lipschitz function [see [133].]

11. Verify the following counterexample showing that a continuous function f on
a metric space .X; d/ cannot always be uniformly approximated by a Lipschitz
function: take X WD R with its usual distance and f continuous such that
f .n/ D 0 for n 2 N, f .n C rn/ D 1 for n 2 N, where .rn/ is a sequence
in �0; 1Œ / with limit 0. This counterexample and the preceding reference have
been communicated to the author by G. Beer.

12. Let .X; d/ be a metric space, let s 2 X and for a subset T of X let

Vs.T/ WD fx 2 X W d.x; s/ � d.x; t/ 8t 2 Tg

be the Voronoi cell associated with s and T (with Vs.¿/ WD X and f WD d).
Verify that s 2 intVs.T/ if and only if s 2 Xncl.T/.

13. Let .X; d/ be a metric space such that for all w, x 2 X and r > 0 such that r <
d.w; x/ one has d.x;BŒw; r�/ < d.x;w/. Using the notation of the preceding
exercise, show that when s 2 Xncl.T/ one has Vs.T/ D Vs.bdry.T//.

When s 2 cl.T/ show that the relation Vs.T/ D Vs.bdry.T// may or
may not hold. [Hint: for X WD R

2, s D .0; 0/, T D R
2C one has Vs.T/ D

Vs.bdry.T// D R
2� whereas for T WD R � RC one has Vs.T/ D f0g � R�,

Vs.bdry.T// D f0g � R.]
Show that the assumption on .X; d/ is satisfied whenever for any w, x 2

X with w ¤ x there exists a connected set S containing w and x such that
d.w; z/C d.z; x/ D d.w; x/ for all z 2 S.

14. (McShane, Whitney, 1934) Let W be a nonempty subset of a metric space
.X; d/ and let f W W ! R be a Lipschitz function with rate r. Show that the
functions f [, f # W X ! R defined by

f [.x/ WD inf
w2W

. f .w/ � rd.w; x//; f #.x/ WD sup
w2W

. f .w/C rd.w; x//
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are Lipschitzian with rate r and extend f . Prove that any Lipschitzian extension
g of f with rate r satisfies f [ � g � f #.

2.3.2 Complete Metric Spaces

The structure of metric space is richer than the structure of topological space. In
particular, one disposes of the notion of a Cauchy sequence: a sequence .xn/ of
.X; d/ is called a Cauchy sequence if .d.xn; xp// ! 0 as n; p ! C1. A metric space
is said to be complete if its Cauchy sequences are convergent. The interest of such
a notion is the fact that one can assert the convergence of such a sequence without
knowing its limit. The following result is worth noting; its proof is immediate.

Proposition 2.24 If a Cauchy sequence .xn/ in a metric space .X; d/ has a
converging subsequence, then .xn/ is converging.

It is often convenient to replace Cauchy sequences with more special sequences.
We call a sequence .xn/ in a metric space .X; d/ an Abel sequence if there exists
some c 2 RC and some r 2�0; 1Œ such that d.xn; xnC1/ � crn for all n 2 N. We
observe that Abel sequences can be a substitute to Cauchy sequences in view of the
following lemma, the easy proof of which is left to the reader.

Lemma 2.4 Any Abel sequence in a metric space is a Cauchy sequence.
Any Cauchy sequence has a subsequence that is an Abel sequence.

Corollary 2.14 A metric space .X; d/ is complete if and only if any Abel sequence
in X is convergent.

Let us give some permanence properties.

Proposition 2.25 If .X; dX/ is a subspace of a metric space .W; dW/ with the
induced metric and if .X; dX/ is complete, then X is closed in W.

Conversely, any closed subset X of a complete metric space .W; dW/ is complete
with respect to the induced metric.

Proof Let us show that any point w in the closure cl.X/ of X belongs to X.
Proposition 2.20 ensures that some sequence .xn/ of X converges to w. Such a
sequence is a Cauchy sequence, hence has a limit x 2 X. Uniqueness of limits
in metric spaces implies that w D x 2 X.

For the converse, let X be a closed subset of a complete metric space .W; dW/.
Since a Cauchy sequence in X with respect to the induced metric dX is a Cauchy
sequence in .W; dW/, it converges in W, and in fact in X since X is closed. Thus X
is complete with respect to dX. ut

Other permanence properties concern function spaces. It is extremely useful to
consider metric spaces formed with functions or maps.

Proposition 2.26 Let S be a set and let .M; d/ be a metric space. On the set B.S;M/
of f W S ! M that are bounded, i.e. such that f .S/ is bounded in .M; d/, one can
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define a metric by setting for f , g 2 B.S;M/

d1. f ; g/ WD sup
s2S

d. f .s/; g.s//:

If .M; d/ is complete, .B.S;M/; d1/ is complete.

Proof It is easy to see that d1 is a metric on B.S;M/. Let . fn/n be a Cauchy
sequence in .B.S;M/; d1/. Since for every x 2 S the evaluation map f 7! f .x/ is
nonexpansive, the sequence . fn.x//n is a Cauchy sequence in .M; d/. When .M; d/
is complete, this sequence converges. Let f .x/ be its limit. If " 7! k."/ is such
that d1. fm; fn/ � " for n � m � k."/, passing to the limit as n ! 1 we
see that d. fm.x/; f .x// � " for m � k."/ and all x 2 S. Equivalently we have
d1. fm; f / � " for m � k."/, so that . fn/ ! f in .B.S;M/; d1/ since f is bounded
as supx;x02S d. f .x/; f .x0// � supx;x02S d. fm.x/; fm.x0//C 2" < C1. ut

When a sequence . fn/ converges to f for d1 one says that . fn/ converges
uniformly to f . This property is stronger than pointwise convergence, which means
that for all x 2 S one has . fn.x//n ! f .x/.

Proposition 2.27 Let X be a topological space and let .M; d/ be a metric space.
The subspace Cb.X;M/ of bounded continuous functions from X to M is closed in
B.X;M/ with respect to the metric d1. Thus, if .M; d/ is complete, .Cb.X;M/; d1/
is complete.

Proof We have to prove that the uniform limit f of a sequence . fn/ in Cb.X;M/
belongs to Cb.X;M/. We know from the preceding proof that f is bounded. The
continuity of f is established in Theorem 2.7. ut

Completeness can be used with great success for extension results.

Theorem 2.9 Let .W; dW/ and .Y; dY/ be complete metric spaces and let f W X ! Y
be uniformly continuous, where X is a dense subset of W. Then f can be extended
uniquely to a uniformly continuous map f W W ! Y.

Proof Uniqueness of the extension stems from Proposition 2.4. Let us prove the
existence of a uniformly continuous extension. Let m W RC ! RC be a modulus
of uniform continuity of f in the sense that dY. f .x/; f .x0// � m.dW.x; x0// for
all x, x0 2 X. Given w 2 W, let .xn/ be a sequence in X with limit w. Since
.xn/ is a Cauchy sequence in X, . f .xn// is a Cauchy sequence in .Y; dY/. Since
.Y; dY/ is complete, . f .xn// has a limit y 2 Y. This limit does not depend on
the choice of the sequence .xn/ since given two such sequences .xn/, .x0

n/ one has
dY. f .xn/; f .x0

n// � m.dW.xn; x0
n//, so that, passing to the limit, we get . f .x0

n// ! y.
Denoting this limit by f .w/ we define a map f W W ! Y. For all t > 1 this
map satisfies dY.f .w/; f .w0// � m.tdW.w;w0// since for any sequences .xn/ ! w,
.x0

n/ ! w0 in X one has dW.xn; x0
n/ � tdW.w;w0/ for n large enough, so that

dY.f .w/; f .w0// D limn dY. f .xn/; f .x0
n// � m.tdW.w;w0//. Let us observe that when

m is continuous (and not just continuous at 0), m is also a modulus of uniform
continuity of the map f . ut
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The notion of a complete metric space enables us to present a powerful fixed
point theorem. Here we deal with contraction maps , i.e. Lipschitzian maps whose
Lipschitz rate is less than 1 and the process is called the method of successive
approximations.

Theorem 2.10 (Contraction Theorem, Picard, Banach) Let .X; d/ be a complete
metric space and let f W X ! X be a contraction. Then f has a fixed point x.
Moreover, x is unique and for every x0 2 X one has . f .n/.x0// ! x for f .n/ WD
f ı f .n�1/.

Proof Let c 2 Œ0; 1Œ be the Lipschitz rate of f . Uniqueness of the fixed point stems
from the contraction property: if x and y satisfy f .x/ D x, f .y/ D y we have d.x; y/ D
d. f .x/; f .y// � cd.x; y/ and as c 2 Œ0; 1Œ this is possible only if d.x; y/ D 0, i.e.
x D y.

Given x0 2 X let us define inductively xnC1 D f .xn/ for n 2 N. Since for n � 1

we have xn D f .xn�1/ and xnC1 D f .xn/, the contraction property yields

d.xnC1; xn/ � cd.xn; xn�1/:

By induction, this relation entails that d.xnC1; xn/ � cnd.x1; x0/ for all n 2 N. The
sequence .xn/ is thus an Abel sequence (hence a Cauchy sequence), hence has a
limit x 2 X. Passing to the limit in the relation d. f .xn/; xn/ � cnd.x1; x0/ we get
d. f .x/; x/ D 0, hence f .x/ D x. ut

Let us observe that the convergence of .xn/ to x is rapid enough since

d.xnCp; xn/ �
nCpX

kDnC1
d.xk; xk�1/ � d.x1; x0/

1X

kDn

ck D d.x1; x0/

1 � c
cn (2.4)

and, passing to the limit as p ! C1, d.x; xn/ � .1 � c/�1cnd. f .x0/; x0).

Corollary 2.15 Let W be a topological space, let .X; d/ be a complete metric space
and let f W W � X ! X be a continuous map such that for some c 2 Œ0; 1Œ and all
w 2 W the partial map fw W x 7! f .w; x/ is Lipschitzian with rate c. Then there exists
a unique continuous map g W W ! X such that g.w/ D f .w; g.w// for all w 2 W.

Proof For w 2 W, let g.w/ be the unique fixed point of fw. We have to show
that g is continuous. Let z 2 W and given " > 0 let V 2 N .z/ be such that
d. f .w; g.z//; f .z; g.z/// � " for all w 2 V . The triangle inequality yields for w 2 V

d.g.w/; g.z// D d. fw.g.w//; fz.g.z///

� d. fw.g.w//; fw.g.z///C d. fw.g.z//; fz.g.z///

� cd.g.w/; g.z//C ";

so that d.g.w/; g.z// � .1 � c/�1". This shows that g is continuous at z. ut
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A remarkable property of complete metric spaces is the Baire property.

Theorem 2.11 (Baire) Let .X; d/ be a complete metric space.
If .Gn/ is a sequence in open dense subsets of X, then \nGn is dense.
If X is the union of a countable family .Fn/ of closed subsets, then one of them

has a nonempty interior.

Proof Let .Gn/ be a sequence of open dense subsets of X. Let us show that
G WD \nGn is dense. Let .sn/ be a sequence of positive numbers with limit 0.
Given a nonempty open subset U of X, the set Gn \ U is nonempty and open; in
particular, G0 \ U contains some closed ball BŒx0; r0� with r0 2�0; s0�. Assume by
induction that we have constructed open balls B.xk; rk/ with rk � sk; BŒxk; rk� �
B.xk�1; rk�1/ \ Gk for k D 1; : : : ; n. Since B.xn; rn/ meets GnC1, we can find a
closed ball BŒxnC1; rnC1� � GnC1 \ B.xn; rn/ with rnC1 � snC1. The sequence .xn/

obtained in this way is a Cauchy sequence (since d.xnCp; xn/ � sn for all n; p). Its
limit x belongs to BŒxm; rm� � Gm for all m 2 N and in particular x 2 BŒx0; r0� � U
and x 2 G, so that G \ U is nonempty: G is dense.

Now suppose X D [nFn, where each Fn is closed. Then Gn WD XnFn is open and
if Fn has an empty interior then Gn is dense. If this happens for all n 2 N, then \nGn

is dense, an impossibility since \nGn D ¿. Thus, at least one Fn has a nonempty
interior. ut

The preceding result can be expressed in terms of genericity. A subset G of some
topological space T is generic if it contains the intersection of a countable family of
open subsets of T (a so-called Gı set, the notation being a reminder of the German
term “Gebiete”, while the notation F stems from the French “fermé” for closed) that
are dense in T; other terminologies are that G is residual or that the complement of G
is meager or a set of first category. It is convenient to say that a property involving a
point is generic if it holds on a generic subset. The main feature of this notion is that
the intersection of a finite (or countable) family of generic subsets is still generic, a
property that does not hold for dense subsets (consider the set of rational numbers
and the set of irrational numbers in R). The (equivalent) properties of Theorem 2.11
can be phrased as follows: in a complete metric space any generic subset is dense.
A topological space satisfying this property is called a Baire space. Locally compact
topological spaces are also Baire spaces.

Complete metric spaces can be characterized by an approximate minimization
principle that is extremely useful. Here, given " > 0, we say that a point x of a set X
is an "-minimizer of a function f W X ! R1 if f .x/ � inf f .X/C ".

Theorem 2.12 (Ekeland) Let .X; d/ be a complete metric space and let f W X !
R1 be a bounded below lower semicontinuous function taking at least one finite
value. Given " > 0, an "-minimizer x of f , and given c; r > 0 satisfying cr � ", one
can find u 2 BŒx; r� such that f .u/C cd.u; x/ � f .x/ and

f .u/ < f .x/C cd.u; x/ for all x 2 Xnfug: (2.5)
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Thus, not too far from x, we can find a strict mimimizer u of the modified function
fc;u WD f C cd.u; �/. Replacing the metric d with the metrics d0 WD d=.1 C d/ or
d00 WD min.d; 1/ and c with the general term of a sequence .cn/ ! 0C, we can
ensure that the approximate function fc;u is as close to f as required with respect
to the uniform metric. However, there is a trade off between the accuracies of the
two approximating elements u; fc;u: one cannot expect to get arbitrarily accurate
approximations of f and of x at the same time.

Proof We associate to f and c an order on X defined by w � x if f .w/C cd.w; x/ �
f .x/. Let

B.x/ WD fw 2 X W f .w/C cd.w; x/ � f .x/g x 2 X

be the set of elements below x. We have x 2 B.x/ for all x 2 X and the relations
y 2 B.x/, x 2 B. y/ imply d.x; y/ D 0 or x D y. Let us verify that the relation
B satisfies the transitivity property B. y/ � B.x/ for all x 2 X, y 2 B.x/. We may
assume x 2 domf WD f �1.R/, so that f . y/ < 1. Then, for all z 2 B. y/ we
also have f .z/ < 1 and cd. y; z/ � f . y/ � f .z/. Since y 2 B.x/, we also have
cd.x; y/ � f .x/ � f . y/. Adding the respective sides of these two inequalities, and
using the triangle inequality, we get cd.x; z/ � f .x/ � f .z/, or z 2 B.x/. Thus B
defines an order; we shall construct a minimal element.

Given x 2 domf , we can define inductively a sequence starting from x0 WD x by
picking xnC1 2 B.xn/ satisfying

f .xnC1/ � 1

2
f .xn/C 1

2
inf f .B.xn//: (2.6)

Such a choice is possible: it suffices to use the definition of an infimum when
inf f .B.xn// < f .xn/ and to take xnC1 D xn when inf f .B.xn// D f .xn/. Since
xn 2 B.xn/, (2.6) ensures that the sequence . f .xn// is nonincreasing, hence is
convergent as f is bounded below. Let ` WD limn f .xn/.

Since xnC1 2 B.xn/ we have cd.xn; xnC1/ � f .xn/ � f .xnC1/ and by induction

cd.xn; xnCp/ � f .xn/ � f .xnCp/ (2.7)

for all n; p � 0. Thus .xn/ is a Cauchy sequence, hence has a limit we denote by u.
Because f is lower semicontinuous, for each n 2 N the set B.xn/ is closed. Since

relation (2.7) says that xnCp 2 B.xn/ for all p � 0, we get u 2 B.xn/. In particular,
taking n D 0 and remembering that x0 D x, we get

f .u/C cd.x; u/ � f .x/:

Moreover, by the transitivity property of relation B, for all v 2 B.u/ and all n 2 N,
we have v 2 B.xn/. Thus inf f .B.xn// C cd.xn; v/ � f .v/ C cd.xn; v/ � f .xn/ and
relation (2.6) yields

cd.xn; v/ � f .xn/ � inf f .B.xn// � 2 .f .xn/� f .xnC1// ! 0;
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hence d.v; u/ D 0. It follows that B.u/ D fug. This relation means that (2.5) is
satisfied.

If x is such that f .x/ � inf f .X/C ", and " � cr, we have

inf f .X/C cd.u; x/ � f .u/C cd.u; x/ � f .x/ � inf f .X/C cr;

so that d.u; x/ � r. ut
Given a metric space .X; d/ one may look for a complete metric space .bX; Od/

that is close enough to .X; d/. A precise answer can be given, even for semimetric
spaces.

Theorem 2.13 Given a semimetric space .X; d/ there is a complete semimetric
space .bX; Od/ and an isometry j from X onto a dense subset of .bX; Od/. Moreover,
if .Y; dY/ is a complete metric space and if f W X ! Y is a uniformly continuous
map, there is a unique uniformly continuous map Of W bX ! Y such that f D Of ı j.

Proof This last property ensures that the pair .bX; j/ is unique up to an isometry.
In fact, if .bX0; j0/ is another pair, there is a uniformly continuous mapbj0 W bX ! bX0
such that j0 Dbj0 ı j. Similarly, there is a uniformly continuous map Oj W bX0 ! bX such
that j D Oj ı j0. Then j D Oj ı .bj0 ı j/ D IbX ı j, so that the two maps Oj ıbj0 and IbX coincide

by the uniqueness requirement (or the density of j.X/ in bX). Similarly, one shows
thatbj0 ı Oj coincides with the identity map IbX0 on bX0.

Several specific constructions can be given for .bX; j/. One consists in taking for
bX the set of equivalence classes of Cauchy sequences for the relation .xn/ 	 .x0

n/ if
limn d.xn; x0

n/ D 0. We invite the reader to complete the construction by defining Od
and taking for j.x/ the class of the constant sequence with value x.

When d is a metric that is bounded above on X2 we can also take an embedding
j into the space Cb.X/ WD Cb.X;R/ endowed with the metric d1 defined by
d1. f ; g/ D supx2X j f .x/ � g.x/j. Given x 2 X we define j.x/ as the function w 7!
d.w; x/ on X. Then, for x, y 2 X, the triangle inequality yields d1. j.x/; j. y// �
d.x; y/. In fact this inequality is an equality since jj.x/. y/� j. y/. y/j D d.x; y/.
Taking for bX the closure of j.X/ in Cb.X/ for Od WD d1 we get a complete space
in which j.X/ is dense. The last assertion of the statement is a consequence in
Theorem 2.4. When d is an arbitrary metric, turning the requirement that j be
isometric into the requirement that j be nonexpansive, i.e. Lipschitzian with rate
1, we can define j by setting j.x/.w/ WD min.d.w; x/; 1/. ut

If .da/a2A is a family of semimetrics on X, one can consider on X the topology
generated by the balls Ba.x; r/ WD fw 2 X W da.w; x/ < rg. However, X has a
structure richer than a topology. It is called a uniformity and .X; .da/a2A is called a
uniform space. A sequence .xn/ of X is called a Cauchy sequence if for all a 2 A
one has .da.xn; xp// ! 0 as n; p ! C1. A uniform space is said to be complete if
any Cauchy sequence is convergent.
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2.3.3 Application to Ordinary Differential Equations

We intend to give a simple existence theorem for ordinary differential equations.
One of its proofs relies on a generalization of the Contraction Theorem.

Proposition 2.28 Let .X; d/ be a complete metric space and let f W X ! X be a
continuous map such that for some k 2 Nnf0g the k times iterated map f .k/ WD
f ı : : : ı f is a contraction. Then f has a unique fixed point.

Proof If x and y are fixed points of f , then they are fixed points of f .k/, hence x D y.
Let x be the fixed point of f .k/. We know that for any x0 2 X we have . f .kn/.x0//n !
x. In particular, taking x0 WD f .x/ we get that . f .knC1/.x//n ! x. On the other hand,
since f .kn/.x/ D x, we have f . f .kn/.x// D f .x/. By uniqueness of limits, we get
f .x/ D x. ut

For this existence result, we anticipate to some notions of derivation and
integration to be found later. The reader may suppose E WD R for the sake of
simplicity.

Theorem 2.14 Let T be a bounded interval of R, let E be a Banach space and
let f W T � E ! E be a continuous map such that for some c 2 RC one has
k f .t; e/ � f .t; e0/k � c ke � e0k for all t 2 T, e; e0 2 E. Then, given t0 2 T, e0 2 E
there exists a unique solution x 2 C.T;E/ with a continuous derivative x0 to the
equation

x0.t/ D f .t; x.t// t 2 T; x.t0/ D e0: (2.8)

Proof We admit that x 2 C.T;E/ satisfies (2.8) if and only if x satisfies the integral
equation

x.t/ D e0 C
Z t

t0

f .s; x.s//ds: (2.9)

Let us endow the space X WD Cb.T;E/ of bounded continuous maps from T to E
with the norm k�k1 and let us consider the map F W X ! X given by

F.x/.t/ WD e0 C
Z t

t0

f .s; x.s//ds:

For x, y 2 Cb.T;E/ we have

kF.x/� F. y/k1 D sup
t2T

�
�
�
�

Z t

t0

. f .s; x.s// � f .s; y.s///ds

�
�
�
�

� sup
t2T

ˇ
ˇ
ˇ
ˇ

Z t

t0

c kx.s/ � y.s/k ds

ˇ
ˇ
ˇ
ˇ � `.T/c kx � yk1
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where `.T/ is the length of T. Thus, for `.T/c < 1, F is a contraction and F has a
fixed point that is a solution to (2.9). In the general case it can be shown by induction
that for all k 2 Nnf0g, x, y 2 Cb.T;E/ one has

�
�F.k/.x/� F.k/. y/

�
�1 � ck`.T/k

kŠ
kx � yk1 :

For k large enough one has ck`.T/k=kŠ < 1 and we can apply the preceding
proposition to find a fixed point of F, hence a solution to (2.8). ut

Exercises

1. Observe that the proof we gave of Corollary 2.15 only uses the continuity of the
partial map w 7! f .w; g.z//. Prove that such an assumption is equivalent to the
continuity of f at .z; g.z// in view of the hypothesis that for all w 2 W the map
fw is Lipschitzian with rate c.

2. Let .X; d/ be a compact metric space and let f W X ! X be a map such that for
x, x0 2 X with x ¤ x0 one has d. f .x/; f .x0// < d.x; x0/. Show that f has a unique
fixed point that can be found by the method of successive approximations.

3. Let .X; d/ be a complete metric space, let c > 1, and let f W X ! X be a
continuous map such that for x, x0 2 X one has d. f .x/; f .x0// � cd.x; x0/. Show
that f has a unique fixed point.

4. Let T WD Œa; b�, let X WD L2.T/, let k 2 L2.T � T/ be such that
R

T2 k2.s; t/dsdt <
1, and let f W R�T2 ! R be such that for all .r; r0; s; t/ 2 R

2 � T2 one has
j f .r; s; t/ � f .r0; s; t/j � k.s; t/ jr � r0j and such that for all x 2 X the function
t 7! R b

a f .x.s/; s; t/ds belongs to X. Prove that for every y 2 X the following
integral equation has a unique solution

x.t/ D y.t/C
Z b

a
f .x.s/; s; t/ds:

5. Let X be an open subset of a complete metric space .W; d/, with X ¤ W. For x,
x0 2 X, let

dX.x; x
0/ WD ˇ

ˇ1=d.x;WnX/� 1=d.x0;WnX/
ˇ
ˇ :

Show that dX is a metric on X whose associated topology is the induced topology.
Prove that .X; dX/ is complete. Does this contradicts the fact that in general X is
not closed in W?

6. Show that on R the function d0 W R � R ! R given by d0.w; x/ D ˇ
ˇw3 � x3

ˇ
ˇ is a

metric topologically equivalent to the usual metric d given by d.w; x/ WD jw � xj,
but not uniformly equivalent to d. Verify that the Cauchy sequences for d and d0
are the same.
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7. Let .X; d/ be a complete metric space and let f , g W X ! X be two contractions
with rate c 2�0; 1Œ. Let x (resp. y) be the fixed point of f (resp. g). Prove that
d.x; y/ � .1 � c/�1d1. f ; g/ where d1. f ; g/ WD supx2X d. f .x/; g.x//. [Hint: In
relation (2.4) take n D 0, x0 WD y, pass to the limit on p and note that d. f .y/; y/ �
d1. f ; g/.]

2.3.4 Compact Metric Spaces

Some additional properties of compact spaces can be obtained when they are
metrizable, i.e. when their topologies can be associated with metrics. They are
even valid for sequentially compact spaces, a topological space X being called
sequentially compact if every sequence in X has a convergent subsequence. First
we note a uniformity property related to coverings.

Lemma 2.5 (Lebesgue) Let .W; d/ be a metric space and let X be a subset of W
that is sequentially compact. Then for any family .Ui/i2I of open subsets of W whose
union contains X there exists some r > 0 such that for all x 2 X the ball B.x; r/ is
contained in some Ui.

Proof If no such r exists, for all n 2 Nnf0g one can find some xn 2 X such that
for all i 2 I the ball B.xn; 1=n/ is not contained in Ui. Let x 2 X be the limit of a
subsequence .xk.n//n of .xn/. Let rn WD d.xk.n/; x/ and let j 2 I be such that x 2 Uj.
Let s > 0 be such that B.x; s/ � Uj. For n large enough we have rn C 1=k.n/ < s so
that B.xk.n/; 1=k.n// is contained in B.x; s/, hence in Uj. This contradicts the choice
of the balls B.xn; 1=n/. ut

The second property we consider captures the idea that such a space can be
approximated by a finite set.

Definition 2.12 A metric space .X; d/ is said to be precompact if for any " > 0

there exists a finite subset F" of X such that for all x 2 X one has d.x;F"/ < ".

This means that for all " > 0 there is a covering of X by a finite number of balls
of radius ". Such a space is clearly bounded and separable. But we have more.

Theorem 2.15 For a metric space .X; d/ the following properties are equivalent:

(a) every sequence .xn/ of X has a cluster point;
(b) X is sequentially compact;
(c) X is precompact and complete;
(d) every infinite subset S of X has an accumulation point;
(e) X is compact.

Proof The equivalence (a),(b) stems from Proposition 2.21 and the implication
(e))(a) is obvious. Let us prove (b))(c). If X is sequentially compact then X is
complete since every Cauchy sequence in X has a convergent subsequence, hence is
convergent. If X is not precompact there exists some " > 0 such that X is not covered
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by a finite number of balls of radius ". Thus, by induction we build a sequence .xn/

such that, for all n 2 N, xnC1 is not contained in B.x0; "/ [ : : : [ B.xn; "/. Such
a sequence cannot have a convergent subsequence. Now let us show that (c))(d).
For every n 2 N there exists a finite subset Fn of X such that the balls with center
in Fn and radius 2�n cover X, hence covers S. One of these balls contains an infinite
number of points of S. Let us denote by xn 2 Fn its center. Similarly there exists
some xnC1 2 FnC1 such that B.xnC1; 2�n�1/ contains an infinite number of points of
S \ B.xn; 2

�n/. By the triangle inequality we have d.xnC1; xn/ < 2�nC1. Since X is
complete, the sequence .xn/ built in this way converges to some x 2 X since it is a
Cauchy sequence (in fact an Abel sequence). Again, the triangle inequality shows
that x is an accumulation point of S. The implication (d))(a) is immediate: given
a sequence .xn/ of X either S WD fxn W n 2 Ng is finite and then a subsequence of
.xn/ is constant, hence convergent, else S is infinite and any accumulation point a
of S is a cluster point of .xn/ since we know that any neighborhood V of a contains
an infinite number of points of S. It remains to show that (a))(e). Let .Ui/i2I be
an open covering of X. The preceding lemma yields some r > 0 such that for all
x 2 X there exists some i.x/ 2 I such that B.x; r/ � Ui.x/. On the other hand,
since (a))(c), X is precompact and there exists a finite subset F of X such that
fB.x; r/ W x 2 Fg is a covering of X. Then fUi.x/ W x 2 Fg is a finite covering of X: X
is compact. ut
Corollary 2.16 A compact metric space is separable.

Proof Let X be a compact metric space. Since X is precompact, for any sequence
.rn/ ! 0C one can find a finite subset Fn of X such that fB.x; rn/ W x 2 Fng is a
covering of X. Then D WD [nFn is a dense countable subset of X. ut

Another important consequence of compactness and metrizability follows.

Theorem 2.16 Let .W; dW/ be a metric space and let X be a relatively compact
subset of W. If f W W ! Y is a continuous map with values in another metric space
.Y; dY/, then f is uniformly continuous around X in the following sense: for every
" > 0 there exists some ı > 0 such that for all w 2 W, x 2 X satisfying dW.w; x/ < ı
one has dY. f .w/; f .x// < ".

Of course, if X D W the conclusion is just usual uniform continuity of f .

Proof Given " > 0, since f is continuous, for all z 2 cl.X/ there exists some open
neighborhood Uz of z such that f .Uz/ � B. f .z/; "=2/. Lemma 2.5 yields some
r > 0 such that for all x in the compact set cl.X/ one has B.x; r/ � Uz.x/ for some
z.x/ 2 cl.X/. Then, for w 2 B.x; r/ one has dY. f .w/; f .x// � dY. f .w/; f .z.x/// C
dY. f .z.x//; f .x// < " since w; x 2 B.x; r/ � Uz.x/. Thus we can take ı D r. ut
Exercise Give a proof by contradiction using sequences and subsequences.

Exercise Give a proof using sequences and cluster points.

Exercise Show that the result is valid if X is a semi-metric space and Y is a uniform
space.
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The compactness assumption in Theorem 2.6 can be relaxed by using a notion of
coercivity. Let us say that a function f W X ! R on a metric space X is coercive if
for all r 2 R the sublevel set Sf .r/ WD f �1.� � 1; r�/ is bounded, or, equivalently,
if f .x/ ! 1 as d.x; x0/ ! 1 (x0 being an arbitrary point of X). This notion is
essentially used in the case when X is a normed space and f .x/ ! 1 as kxk ! 1.
We will say that f is compactly coercive if for all r 2 R the sublevel set Sf .r/ is
compact. When f is lower semicontinuous and the closed balls of X are compact,
both notions coincide. For such a function, the existence of minimizers is ensured.

Lemma 2.6 Let f W X ! R1 be a compactly coercive function on a metric space
X. Then f attains its minimum. In particular, when the closed balls of X are compact,
any coercive lower semicontinuous function on X attains its minimum.

Proof The result being obvious when f only takes the value C1, let us take
r 2 R such that Sf .r/ WD f �1.� � 1; r�/ is nonempty. By assumption, Sf .r/
is compact. By the Weierstrass’ Theorem, f attains its infimum on Sf .r/. Since
inf f .X/ D inf f .Sf .r//, any minimizer of the restriction f j Sf .r/ of f is also a
minimizer of f . ut
Proposition 2.29 Let C be a nonempty closed convex subset of a Euclidean space
X and let a 2 X. Then there exists some p 2 C called the best approximation of a
in C such that kp � ak � kx � ak for all x 2 C. Moreover, p is characterized by the
inequality

8x 2 C ha � p j x � pi � 0: (2.10)

Proof The function x 7! kx � ak is continuous and coercive and the closed balls
of X are compact since they are dilations of smaller balls and since X is locally
compact. Setting f .x/ D kx � ak if x 2 C and f .x/ WD C1 if x 2 XnC, we get a
coercive lower semicontinuous function on X. It attains its infimum at some point p
of C, so that kp � ak � kx � ak for all x 2 C. Given x 2 C, for t 2�0; 1� we have
xt WD p C t.x � p/ in C by convexity, hence

kp � ak2 � kxt � ak2 D kp � ak2 C 2th p � a j x � pi C t2 kx � pk2 :

Simplifying both sides and dividing by t and then passing to the limit we get (2.10).
ut

Exercises

1. Let X be a closed subset of Rd and let f W X ! R be lower semicontinuous and
pseudo-coercive in the sense that there exists some x0 2 X such that f .x0/ <
lim infkxk!1; x2X f .x/. Show that f attains its infimum.
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2. Let X be a closed subset of R
d and let f W X ! R. Assume f is finitely

minimizable in the sense that there exists an r 2 RC such that, for any
t > m WD inf f .X/, there exists some x 2 X with kxk � r, f .x/ < t. Show
that any pseudo-coercive function is finitely minimizable and that any finitely
minimizable lower semicontinuous function on X attains its infimum at some
point of X \ BŒ0; r�, where r is the radius of essential minimization, i.e. the
infimum of the real numbers r for which the above definition is satisfied.

3. Prove Weierstrass’ Theorem in the case when X is a compact metric space by
using a minimizing sequence of f , i.e. a sequence .xn/ of X such that . f .xn// !
inf f .X/.

4. Show that any l.s.c. function f on Œ0; 1� (or on a separable metric space X) is the
supremum of the family of continuous functions majorized by f .

5. Prove Corollary 2.12 by using open subsets.
6. Show that among all cylindrical barrels of a given area s there is one with

greatest volume.
7�. (d’Alembert-Gauss Theorem) Prove that any polynomial P with complex

coefficients has at least one root in C. [Hint: verify that jP.�/j is coercive and
show that if z0 is such that jP.z0/j D inffjP.z/j W z 2 Cg, then P.z0/ D 0.]

8. Show that the following properties of a locally compact metric space .X; d/ are
equivalent:

(a) X is the union of an increasing sequence .Xn/ of open relatively compact
subsets of X such that cl.Xn/ � XnC1 for all n 2 N;

(b) X is the union of a countable family of compact subsets;
(c) X is separable.

Additional Reading

[59, 159, 163, 169, 174, 176, 177, 183, 225, 255]
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